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1 INTRODUCTION 


In this paper we shall consider nonlinear Schrodinger equations of the form 

dtu = i£j{x)u + bi(x) ■ V x u + 62 ( 0 ;) • V x u (11) 

+ C\{x)u + C2(x)u + P(u, U, V X U, V x ii), 

n 

where x E M n , t > 0, L(x) - - 'C d Xj (a jk {x)d Xk ), A(x) = {a jk (x)) j k=L n is a real, symmetric 

j,k=l 

and nondegenerate variable coefficient matrix, and P is a polynomial with no linear or constant 
terms. 

Equations of the form described in o with A(x) merely invertible as opposed to positive definite 
arise in connection with water wave problems, and in higher dimensions as completely integrable 
models, see El, d, and Ell¬ 
in this work we shall study the existence, uniqueness and regularity of the local solutions to the 
initial value problem (IVP) associated to the equation (II .1 II . The class of equations is rather general 
and appropriate assumptions have to be imposed on the smoothness and decay of the coefficients 
cijk, b\, 62 , ci and C 2 and on the initial data u(x, 0 ) = uo(x) as well as on the asymptotic behavior 
of djk(x) as |x| —► 00. Also it will be necessary to measure the regularity of solutions in weighted 
Sobolev spaces of high indexes. The main result we obtain in this direction is Theorem lfi.2.1 l -also 
see Remark lb. 2.21 in Section H3 

One of the main difficulties in EU is that the nonlinear terms incur in the so called “loss of 
derivatives”. This can be avoided if P is assumed to have a special symmetric form and b\ is real 
valued. In this case, the standard energy method gives local well-posedness of the corresponding 
IVP in H s (R n ) for s > n /2 + 1 independently of the dispersive nature of (11.11) . see EES, E3 
Another approach used to overcome this loss of derivatives is to restrict oneself to working with 
L = A, b\ = 62 = 0 in suitable analytic function spaces, see m and references therein. 

In P2J, C. E. Kenig, G. Ponce and L. Vega used linear dispersive smoothing effects of the associated 
linear equation to show that the IVP for the equation o> with E = A, 61 = 62 = 0, ci = C 2 = 0 
and general P is locally well posed in (possibly weighted) Sobolev spaces with high index for small 
initial data. For the case n = 1, N. Hayashi and T. Ozawa m removed the smallness condition 
by using an integrating factor which reduces the problem to a system where the energy method 
applies. H. Chihara [2j removed the smallness assumptions in weighted Sobolev spaces m in any 
dimension n by considering systems of two equations which he diagonalized to essentially eliminate 
the conjugate first order terms. The remaining first order terms are treated by a method similar 
to the one used by S. Mizohata m and S. Doi [7 to solve linear Schrodinger equations with 
lower order terms. It consists in applying a pseudo-differential operator K to the equation. The 
commutator i[KA — AK] basically absorbs the first orderterm to overcome the loss of derivatives in 
a way related to the method of integrating factors. In Chihara’s approach the ellipticity of £ = A 
is key in the diagonalization argument. C. E. Kenig, G. Ponce and L. Vega m obtained local 
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well-posedness for the IVP for eh in the non-elliptic constant coefficient case 

k n 

L = Y d *j - Y d xp k = 1, ..,n — 1 , 
j =1 j=k +1 

using the pseudo-differential operators of jTj in the linear problem to avoid the diagonalization 
process. Furthermore, their results are valid in Sobolev spaces with no weights if P has no quadratic 
terms. 


It may be gathered from this short summary of background literature that a thorough understanding 
of linear Schrodinger equations is important in the attempt to solve the nonlinear problem for eh- 


Our approach in this work will be illustrated with the special case of EB 

j dtu = i£j(x)u + b\(x) ■ V x u + ud xi u, 

\ u(x, 0) = U 0 (x ), 


or equivalently 

j dtu = i£j(x)u + {b±(x) ■ V x u + uo(x)d Xl u] + {u — uo)d Xl u , 
\ u(x,0) = uq{x). 


( 1 . 2 ) 


(1.3) 


The nonlinear part ( u — uo)d xl u of (11.31) should be small for small t because of the factor ( u — uq ), 
but the factor d Xl u still incurs loss of one derivative. The linear part of EH has a modified first 
order coefficient. 

It is therefore useful to study linear Schrodinger equations of the form 

f d t u = iL(x)u + h(x) ■ V x u + b 2 {x) ■ V x u + c\(x)u + C 2 {x)u + f(x,t), , 

\ u(x, 0) = U 0 (x). 


Solutions u of EH gain one derivative compared to / and 1/2 derivative compared to uo, on the 
average in time and modulo spatial weights, under suitable assumptions. More precisely, for s G Z + 
and N E Z"*", N > 1, the solution of EH satisfies 



< c 


J s+1 / 2 u(x, t) (x) N dxdt 

(1 + T)\\u 0 \\ 2 H s + [ [ J s - 1/2 f(x,t) (x) N dxdt) 

Jo it" / 


(1.5) 


For the proof of these results for the constant coefficient case £(x) = A, b\ = 62 = 0 see IB;, I 2TI . 
0, uni, isu, im, iisi). The estimate EH allows to overcome the loss of one derivative introduced 
by the nonlinear part of EH and, more generally, to solve EH- 

Consider (II.dl) with £(x) = A, b\ = (z, 0,0), 62 = c\ = C 2 = / = 0. The solution of this 
constant coefficient equation is given via Fourier transform by = exp(—f(i |£| 2 + Ci))ilo(0' 
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The multiplier exp(—t(i |£| 2 + £ 1 )) is unbounded for f / 0, so (11.41) is not wellposed in L 2 in this 
case. In fact, the following condition, deduced by S. Mizohata |26| . has been proven to be necessary 
for the well-posedness in L 2 of (11.41) with £(x) = A, & 2 = 0 


sup 

xeK r \^eS n - 1 



Im b\(x + rco) ■ udr 


< 00. 


( 1 . 6 ) 


So the decay assumptions on Im b\ are natural. An application of J s = (I — A ) 5 / 2 to (11.41) gives a 
new equation with \7 x a,j k (x ) appearing in the first order coefficient. Well posedness of (11.41) is of 
interest for any s, so decay assumptions on V X a,j k (x) seem also natural. 


To justify the decay assumptions on 5 2 (.t), we use the result in ED Consider the IVP 

f d t u = id XlX2 u + 6 2 (x) • V x u, x £ M 2 , t > 0, , 

{ u(x, 0 ) = u 0 (x ) 

with 62 ~~ (i, 0). It W 3 /S shown in jfSiOlj thnt tho IVP o is wellposed, however its solutions gain 
only 1/4 of derivative compared with uq instead of the expected 1/2, i.e. (11.51) holds with / = 0 and 
1/4 instead of 1/2. Moreover, if we replace d XlX2 by d Xl + d X2 the expected gain of 1/2 derivatives 
is obtained. So one has that in the non-elliptic case, decay assumptions on 6 2 are also necessary to 
obtain O- The main result we obtain concerning Q is Theorem 15.1.11 in Subsection o 


When considering the variable coefficient equation in CD one should study of the bicharacteristic 
flow, i.e. solutions (X(s; x, £), S(s; x, £)) of the system 


— X j(s-,x^) = 2'}Ta jk {X(s;x,£))Z k (s;x,£), 

S k =1 

d n 

—Zj(s;x,£,) = -^2 d Xj akl{X(s-,x,€))Z k (s;x,€)Ei(s-,x,g), 
s k,l=l 

(X(0;s,O,S(0;a;,e)) = (s,O- 


( 1 . 8 ) 


In the constant coefficient case, L = —a® k d x .d Xk , one has that the bicharacteristic flow is 


(X(s;x,£),S(s;a;,£)) = (x + 2sA°£, £), 


A ° = ( a °jk)j,k= 1 ... 


For £j = —A one gets (X(s; x, £), S(s; x, £)) = (x + 2s£, £) and the condition in (11.61) can be seen as 
an integrability one along the bicharacteristics. As we will see in this work (Sections 4-5), roughly 
speaking the operator I\ whose symbol is 


k(x, £) = exp 


b(X(s',x,£),Z(s',x,£))ds\, with b(x,£) = — Im&i(x) ■ £, (1.9) 


will play the role of the “integrating factor” introduced in ED Such constructions were also 
previously used in the works 0] and [HJ. The commutator term i[KL — LK]. used to cancel the 
term b\(x) ■ V, corresponds to differentiation of K along the bicharacteristic flow. Unfortunately 
the symbol in PD is not in a standard class. It satisfies 


<9“<9ffc(x ,0 <c a0 (x) w (^}~ 


( 1 . 10 ) 
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We observe that in the particular constant coefficient elliptic case, XL = A we have 


k(x,£) = exp I / — Im&i(x + s£) • £ds 

\J —OC 

= exp I / —Imbi(x + s£) ■ £ds 

\J — OO 

which is related to Mizohata’s condition in m- 


l=<e/ia 


In the case where XL(x) is elliptic, the class described in (11.101) was introduced and studied by W. 
Craig, T. Kappeler and W. Strauss in [1]. However, it should be pointed out that in the non- 
elliptic case, i.e. XL (a;) is just nondegenerate, the geometric assumption (4.2) in [2] is not satisfied 
by symbols of interest -see subsection 18.1 1 in Sectional Moreover, we observe that the Hamiltonian 
h 2 {x,C) = E a jk( x )CkCj is preserved under the flow. Then one of the main differences of the 

flows considered here with those associated to elliptic operators is that ellipticity gives the a priori 
estimate 

z^ 2 |£o| 2 < |E(s; x 0 , £o)| 2 < ^ 2 |£o| 2 , 

which guarantees that the solutions of the system m are globally defined. 


We will assume that the bicharacteristic flow is non-trapping, i.e. for each (xo, Go) € ®l Tl x (M n — {0}) 
and for each p > 0 there exists so > 0 such that 

|^(so;zo,£o)| > H- (1.11) 

The non-trapping condition appears naturally, since Ichinose m showed that a necessary condition 
for the well-posedness in L 2 of (11 .1 H with XL elliptic, b 2 = 0, c\ = 0, C2 = 0, and P = 0, is that the 
analog of (HU) must hold in this case, with the integration taking place along the bicharacterisitics. 
The non-trapping condition also is essential in the works of [2| and (Hj • In fact even when also 
b\ = 0 and / = 0, Doi showed in |9 that it is necessary for ra to hold. 

In the ultra-hyperbolic case (i.e. with a merely non-degenerate matrix A), under appropriate decay 
assumptions and asymptotic behavior as |x| -» 00 on the coefficients ajk(x), we shall prove that 
the bicharacteristic flow is globally defined and “uniformly non-trapping”. Moreover in order to 
keep the structure of the conjugate first order terms, so that after applying the operator K we can 
obtain energy estimates, we need the symbol of K to be even -see Definition 15.2.11 (iv) in Section 
151 Therefore we have to study carefully the bicharacteristic for backward and forward time. In 
particular when looking at the forward bicharacteristic the more delicate part is when it is not 
outgoing -see Theorem 14.1 .1 1 of Section 0] In that region we prove that outside a bounded ball, in 
the x variable, it behaves in dyadic annuli as the free flow -see Theorem 14.1.11 in Section for a 
precise statement. 


As in m , m , the proof of the nonlinear results relies on two kinds of linear estimates. The first 
one is concerned with the smoothing effect described in Q for solutions of the IVP m 



J s+1 / 2 u(x, t) (x) N dxdt 


<c(l + T) sup \\u(t)\\ 2 H s + c 
0 <t<T 



| f(x, t)\ 2 dxdt, 


( 1 . 12 ) 
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and 


f j J s+1 / 2 u(x,t) (x ) N dxdt 

Jo il" 

<c(l + T) sup ||w(f)|||fa + [ f J s ~ 1 / 2 f(x,t) ( x) N dxdt 

o <t<T Jo Jr u 


for N > 1. 


The second kind is related with the local well-posedness in L 2 (and in H s ) of the IVP (11.41) . To 
establish this result we follow an indirect approach. First we truncate at infinity the operator £(x) 
using 8 G C'^°(M n ) with 9(x) = 1, \x\ < 1, and 9(x) = 0, |x| > 2. For R > 0 we define 

E R (x) = 9{x/R)L{x ) + (1 - 9{x/R))L °, 

where £° = — A ° = ( a< jk)j,k=l,~,n is a (constant) matrix, with the decay assumption 

a,jk(x ) — G S(R n ), j, k = 1,.., n. (although we will work in the S(R n ) class, it will be clear from 
our proofs that the same results hold if we just assume that the corresponding estimate holds for 
a finite number of seminorms in (12.21) Section 2). Thus, 

H{x) = H R (x) + 8, R (x). 


For R large enough we consider the bicharacteristic flow (X R (s; x, £), E R (s] x, £)) associated to the 
operator £ R (x) and the corresponding integrating factor K R , i.e. the operator with symbol as in 
(El but evaluated in the bicharacteristic flow (X R (.s', x, £), H R (s; x, ^)). To obtain the L 2 local 
well-posedness of the IVP EH) we show that there exists Nq depending only on the dimension such 
that for any M G TLX there exists Ro = Rq(M) such that for R > Ro 


sup \\K R u(t)\\ 2 2 
0 <t<T 



< cR n ° ||rt(0)|| 


L 2 


J 1 / 2 


u 


(; x)~ N dxdt + cTR n ° 


sup 

0 <t<T 


^(Oili- 


Next, we deduce several estimates concerning the operator K R . In particular, for E R = I — 
K r (K r )*, where the symbol of K R differs from that of K R only in the sign of the exponent, and 
{k r Y is the adjoint of K R , which allows us to treat E R u(t ) as an error term -see Lemma l5.2.(ll in 
Section 0 Collecting these results we get that 


sup ||u(i || 2 2 < R n ° ||rt(0) 
0 <t<T 



J x ' 2 u 


II2 

IIL 2 


(x) N dxdt + cT sup 
o <t<T 


2 

L 2 > 


which combined with EH yields the desired estimate, i.e. the local well-posedness in E 2 of the 
IVP (II .41) for T sufficiently small 


sup 

o <t<T 



<c(T) 



The smoothing effect and local well-posedness in H s of EH in the case where £ has elliptic variable 
coefficients will be proven in Section [2] -see Tjemma, 12.2.21 and Theorem rmi of that section. This 
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builds on S. Doi’s pseudo-differential method in 0,0 and on H. Chihara’s diagonalization method 
for systems |2J and uses only classical pseudo-differential operators. 

The diagonalization method cannot be used when £ is ultrahyperbolic. When £ has constant 
coefficients it is possible to cancel the loss of derivatives using a pseudo-differential transformation 
which falls under the scope of Calderon-Vaillancourt’s theorem -see m, but this does not seem to 
extend to the variable coefficient case. Instead one is led to study a new class of symbols and this 
is done in Section 0 As we already mentioned the corresponding operators in the elliptic case were 
studied in [3]. 

A typical example of the symbols that need to be considered (take n = 2 for simplicity) is 

a(x • ( 6 , -£i)/l£|)x(£), 

where % £ C°°, y = 1 for |£| > 2, x = 0 for |£| < 1 , and a £ in the elliptic case; and 

a(x • ( 6 , £i)/|£|)x( 0 > 

in the ultrahyperbolic one with x and o as before. 

As is explained in ED, the operators of the elliptic case are easily reduced to classical pseudo¬ 
differential operators by expressing a in terms of its Fourier transform and, given t £ R, using the 
invertible change of variable £ —> £ + r(£ 2 , — £i)/|£|- hr the ultrahyperbolic setting this approach 
fails since the corresponding mappings are not invertible, and hence the theory, in particular the L 2 
boundedness, is more delicate -see Theorem 13.2.1 1 in Section 0 The proofs of the rest of the results 
concerning the calculus of the operators arising from these svmbols-Theorem Id.d. 11 Theorem Id. d. 21 
and Tlieorem l.'S..'S..'ll of the same section, are reduced after some manipulations to the L 2 boundedness. 

In Section0we study the bicharacteristic flow in the ultrahyperbolic case for £(x) and its truncated 
version & R (x). There we shall deduce several estimates to be used in establishing the smoothing 
effect and the local well-posedness of (11.41) with £(x) non-elliptic which will be given in Section 0 
This also relies on the calculus of Section 0 

Finally, the smoothing effect in td is used to solve o> in Section 0 Solutions of ten are fixed 
points of an integral mapping which is a contraction on a suitable function space in a small time 
interval, so Banach’s contraction mapping principle applies. 

The results in the elliptic case, i.e. those in Section0 are due to C. Rolvung, and appear in his PhD 
dissertation m The results in the ultrahyperbolic case, for £ a perturbation of a constant 
coefficient operator £0 also appear in m- 









2 THE LINEAR ELLIPTIC EQUATION 


The local well posedness and smoothing effect for linear elliptic equations are considered in this 
section. This builds on S. Doi‘s method involving classical pseudo-differential operators and the 
sharp Garding inequality |Bj as well as on a diagonalization as in |2j. 


2.1 Pseudo-differential Operators 


First we will recall some results from the theory of pseudo-differential operators. 
The class S m = ST 0 of classical symbols of order rn £ M is defined by 

S m = |p(x,0 € C°°(M n X M n ) : \p\ { p m < oo, j £ n} 

where 

\p\& = sup j d?dgp(; •) : |a + (3\ < j j 

( s L°°(R n xR n ) J 

and <0 = (1 + IU 2 ) 1/2 - 

The pseudo-differential operators 'Fp associated to the symbol p £ S m is defined by 




,/(*)=/ {)/({) / 6 S ( r ")' 

(27t) ' 


( 2 . 1 ) 

( 2 . 2 ) 


(2.3) 


For example, a partial differential operator 

P= a «( x ) 9 “’ 

\a\<N 

with a a £ C'j 0 (M re ) is a pseudo-differential operator P = \V p with symbol 

P(x,€)= ^2 a a (x)(iC) a . 

\a\<N 


The fractional differentiation operator J s = is also a pseudo-differential operator. The col¬ 

lection of symbol classes S rn . m £ R, is in some cases closed under the division and square root 
operations. This is not the case for polynomials in £ and sometimes allows one to construct ap¬ 
proximate inverses and square roots of pseudo-differential operators. 

The following facts will be used throughout this work and the proofs can be found for example in 

25,- 
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Theorem 2.1.1 (Sobolev boundedness) Let mGl,p£ S m and sGM. Then VH p extends to a 
bounded linear operator from H m+s (M . n ) to H s (M. n ). Moreover, there exist j = j(n;m;s) G N and 
c = c(n; m; s) such that 

W^pfWH* < C\p\gl ||/||_ffm +S . (2.4) 

Finally for p G §° and A(|x|) = (1 + \x\ 2 )~ N / 2 = (x)~ N , N > 1 there exists j = j(n, N ) such that 

[ \^ P f(x)\ 2 X(\x\)dx < c\pQ f \f(x)\ 2 X(\x\)dx. (2.5) 

Jm. n J R n 


The proof of (12.51) can be seen for example in m- 


Theorem 2.1.2 (Symbolic calculus) Let m\ , m^ G K, pi G S mi , p 2 G S m2 . Then there exist 
p 3 g S m 1 + m 2 - 1 ; P4 g 5 mi+m2-2 j p5 g 5*1.1-1 mch fhat 


^P1^P2 

(*pi)* 

where {pi,P 2 } denotes the Poisson bracket, i.e. 


^P1P2 "b j 

'b—?;{pi,P2} "b 'bp 4 j 
% + * P5 


( 2 . 6 ) 


{pi,P2> = ( d b Pl d Xj P2 ~ d Xj p x d^p 2 ) , 

3 = 1 

and such that for any j G N there exist j' G N and c\ = ci(n; mp, m 2 ', j), C 2 = such that 


|P3|^ 1+ m 2 -i + |P4|^ 1+ ma-2 < ci Ipil^ |p2|^i 




b C 2 |Pl|gmi ■ 


(2.7) 


Theorem 2.1.3 (Sharp Garding inequality) Let p G S 1 and suppose that there exists R > 0 
such that Repfx , f ) > 0 /or ||£|| > R. Then there exist j = j(n ) and c = c(n; R) such that 

Re (%f-,f ) L 2 > -c\p\$ \\f\\ 2 L 2 , f G S(R n ). (2.8) 


This result is due to L. Hormander m- 


2.2 The Bicharacteristic Flow 

The basic idea is to apply a pseudo-differential operator K to the equation m of Section 1 in 
such a way that the commutator i[KL — LK] cancels b\(x) ■ X7 x . It turns out that i[KL — LK] 
corresponds to differentiation along the bicharacteristic flow which will now be introduced. 
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Let A(x) = ( djk{x )) be a real, and symmetric n x n matrix of functions djk E C£°. We will assume 
that 

\S7ajk(x)\ = o{\x\~ l ) as |a:| —> oo, j,k = l,..,n, (2-9) 

and that A(x) is positive definite, i.e. 


3 v > 0 V x, £ E M n 


ocr < 






< hci 2 


( 2 . 10 ) 


Let /t 2 be the principal symbol of £ = —d Xj cijk(x)d Xk , i.e. 

n 

h2(x,0= 22 ajk(x)tj£k- ( 2 . 11 ) 

j,k= 1 

The bicharacteristic flow is the flow of the Hamiltonian vector field 

n 

H h 2 = 22 [pZjh 2 • dxj - d Xj h 2 ■ d^\ (2.12) 

3 =1 

and is denoted by (X(s; xq, £o), E(s; x (h £o))> he. 


d_ 

ds 

d_ 

ds 

for j = 1,.., n, with 


-Xj(s;x 0 ,£ 0 ) = 2^a jfc (X(s;x 0 ,^o)) S fc (s; x 0 , £o), 


fc=i 


=:/(s;zo,£o) = - 22 d x j a ik(X(s;x 0 ,^o))^k(s-,x 0 ,^o)Ei(s;x 0 ^o) 

k,l= 1 

(X(0;.to,£o),S(0;x 0 ,Co)) = (zo,£o)- 


(2.13) 


(2.14) 


The bicharacteristic flow exists in the time interval s E (—5,5) with 5 = 5(x o, £o), and £(•) depending 
continuously on (xojCo)- 

The bicharacteristic flow preserves hi , so ellipticity gives 

W 2 | Co 1 2 < |S(s;x 0 ,Co| 2 < ^ 2 |Co| 2 , (2.15) 

and hence 6 = oo. 

It will be assumed that the bicharacteristic flow is non-trapped which means that the set 

{X(s; .t 0 , Co) : s E M} 

is unbounded in M n for each (xo,Co) € M n x M n — {0}. 

Note that hi is homogeneous of degree 2 in £ so that 

/ X(s-,x,tg) = X(ts;x,£), , n 

1 S(s;z,f£) = tE(ts;x,£). 


The next result shows that the Hamiltonian vector field is differentiation along the bicharacteristics. 
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Lemma 2.2.1 Let <f E C°°(R n x R n ). Then 


{H h2 4>){x,£) = d s [<j>(X(s-,x,(;),E(s-,x,€))] | s=0 


(2.17) 


The following key lemma is due to S. Doi jSj (Lemmas 2.3-2.5). 


Lemma 2.2.2 Let A(x) and its bicharacteristic flow satisfy the assumptions above. Suppose X E 
L 1 ([0, oo)) n C([0, oo)) is strictly positive and nonincreasing. Then there exist c > 0 and a real 
symbol p E S°, both depending on h 2 and X, such that 

H h2 p = {h 2 ,p}{x,t)>X{\x\m-c, V (x, () E M" x R n . (2.18) 


An extension of this result to the case of invertible A{x) will be given in Section [3 Lemma 15.1.11 


2.3 Linear Elliptic Smoothing Effects 


In this subsection we consider the IVP associated to the linear Schrodinger equation 

n 

d t u = ~i Y, d Xj (ajk(x)d Xk u ) + bi(x) ■ \7 x u + b 2 (x) ■ \7 x u + c 1 (x)u + c 2 (x)u + f(x,t), 

j,k=l 

. u{x,0) = u 0 (x), 

(2.19) 

where A(x) = (ojfc)j,fc=i,..,n satisfies (I2.9II - (I2.1UI) and its bicharacteristic flow satisfies the assump¬ 
tions in the previous subsection, bi = (bf,..,bf) E (C£°) n , l = 1,2 and ci,C 2 E C£°. 


Combining the equation in (ITT71) and its complex conjugate we obtain a system in w 


( u , u) 


T 


where 


f d t w = (iH + B + C)w + f., 
\ w(x, 0) = w 0 (x), 



Cll Cl2 
C21 C22 


( 2 . 20 ) 


T3 — ( ^11 B 12 A 

V B 21 b 22 ) ’ 

with 

n 

L — ( d X j (.Q'jk(%)dx,) s f 

j,k =l 
n 

Bi m u(x,t ) = y^bi mj (x)d Xj u(x 7 t), b im j E C£° l,m = 1,2, j = 1, ,.,n, 

3 =1 
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and 


Cim = cim{x) E Cg°, l,m= 1,2, f(x,t) = (f(x,t),f(x,t)) T . 


The following well-posedness and smoothing results contain three parts depending on the regularity 
and the decay of the external force /(x,t). 

Theorem 2.3.1 Let wq = (uo,ho) T E (// s (M n )) 2 , s E M. Assume that there exist N > 1 and a 
constant cq such that if X(\x\) = (x)~ N then 

| Imbuj{x )| < c 0 A(|x|), l, m = 1,2, j = 1, ,.,n, x E M”. 


Then 

(a) If f E (L 1 ([0,T] : (// s (M rt ))) 2 then the /TP k2.2(A) has a unique solution w E C'([0,T] : 
(// s (M n )) 2 ) satisfying 

o<t<T - CieC2T (lNII W + \\f(t)\\(H°)*dt\ . (2.21) 


(b) If f E (L 2 ([0,T] : (i/ s (R n ))) 2 then the IVP k2.2(A) has a unique solution w E C([0, T] : 
(J/ s (M n )) 2 ) satisfying 


sup j|it;(t )||/ J3 - s - ) 2 + [ [ \J s+1 / 2 w(x,t)\ 2 \(\x\)dxdt 

o <t<T v ; Jo J R" 


< cie 


c 2 T 



( 2 . 22 ) 


/cl // J s 1//2 / E (L 2 (M n x [0,Tl : (A(|x|) l dxdt)) 2 then the IVP 12.2(A) has a unique solution 
w E C([0,T] : ( H s (R n )) 2 ) satisfying 


sup J|u;(t)||/ i?s - ) 2 + [ [ \J s+ 1 / 2 w(x,t)\ 2 \(\x\)dxdt 

o <t<T v ; Jo Jr™ 

< cie C2T (iKII^+jT \J s ~ 1 ^ 2 f(x,t)\ 2 (X(\x\))~ 1 dxdt S j . 


(2.23) 


//ere ci depends on n, s, v, (ajk)j t k=i,..,n, co, (himj)i,m=i,2;j=i,..,n> an d °2 depends in addition on 
(plm)l,m= 1,2 • 


Corollary 2.3.1 Pet s E M and uq E // s (M n j and suppose A satisfies the assumptions of Theorem 
Um\ Then 

(a) If f E P 1 ([0,T] : /Z s (M n )) ; then there exists a unique solution u E C([0,P] : ZP(M n )) of k2.HA) 
satisfying 

sup ||u(-,t)||ff S < cie C2T (||n 0 ||/n> + f \\f(-,t)\\ H °dt) 

0<t<T V Jo / 
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(b) If f E L 2 ([0, T] : H s (R n )), then there exists a unique solution u E C([0, T] : H S (W 1 )) of H2.11A) 
satisfying 

sup \\u(-,t)\\ 2 H s + f f | J s+ 1 / 2 u(x, t)\ 2 \(\x\)dxdt 

o <t<T Jo J R n 

< cie C2T (\\u 0 \\ 2 Hs + \\f(-,t)\\ 2 H sdt S J ; 

(c) If J s ~ 1 / 2 f E L 2 (W n x [0, T] : (A(|:c|)) _1 d:E</t), then there exists a unique solution u E C([0, T\ : 
H s (m n )) of nrm) satisfying 

sup \\u(-, t)\\ 2 H s + f [ | J s+ 1 / 2 u(x, t)\ 2 X(\x\)dxdt 

o <t<T Jo J R" 

< c\e C2T (\\u 0 \\ 2 H s + [ [ |J s_1/2 /(x,t)| 2 (A(|z|))~ 1 ctedi N ) . 

V J o J R" / 

//ere ci depends on n,s,L',(ajk)j t k = i j __ t nj c 0 :(bi m j)i,m=i 1 2 -j=i,..,n> an< J c 2 depends in addition on 

il'linn)l,m= 1,2 • 


The following a priori estimate is needed for the proof of Theorem 12.3.1 1 


Lemma 2.3.1 Let s£l and suppose A satisfies the assumptions of Theorem, 1 2.2. 1\ Then there 
exist ci depending onn,s, is, (ajk)j,k=i,..,n> Co, and finitely many derivatives o/ (&i7 Tl j)i,rr l =i,2;j=i,..,nj 
and C2 depending in addition on finitely many derivatives of (ci m )i >m= i t 2 such that for all w E 
((7([0, T] : // s+2 (M n )) n C' 1 ([0, T] : H s+2 (M . n ))) 2 the following four estimates hold : 


(**) 


sup ||«T(i)||(H®) 2 < cie C2T ( ||w 0 ||m S )2 
<t<T v 

+ [ ||(<9i — (ill + B + C))w(-, t)\\(HB) 2 dt\, 

Jo J 

sup ||w(i)|| ( H» ) 2 < cie C2T (||u;(-,T)|| (ffs) 2 


0 <t<T 


+ J 110% + (iH + B + C)*)w(-,t)\\ (Hs)2 dt), 

(in) sup ||-u;(t) Wfjj 3 ) 2 + f [ J s+l/2 w(x,t) \(\x\)dxdt 

o <t<r y ; Jo Jm. n 


< 


c\e C2T ^\\wo\\ 2 H s )2 + J 11(9* — (ill + B + C))w(-, t)\\ 2 HS j 2 dt 


(iv) sup \\w(t)\\ 2 iHs)2 + / 

0 <t<T JO J I 

< cie C2T ||h;o||^ s) 2 
r -T 


J s+1//2 w(x,t ) X(\x\)dxdt 

+c±e C2T f f J s_1 / 2 (9* — (iH + B + C))w(-,t) (\(\x\))~ 1 dxdt. 

Jo J K n 


14 













We observe that (ii) follows from (i) by applying (i), with iH + B + C replaced by (iH + B + C )*, 
to w(-,T — t), so it suffices to prove (i), (iii), and (iv) of Lemma Pi .H. II The idea of the proof is to 
apply transformations A and K to the system. A will diagonalize B and essentially transforms the 
system into two single equations where the pseudo-differential calculus applies. The idea of this 
diagonalization came from the work of H. Chihara IjZf. K will eliminate the loss of derivatives of 
the first order terms. This idea is due to S. Doi 0, 0 and S. Mizohata m- 

Proof of Lenima \2.3.1\ 


Let w 6 (C([0, T] : Lf s+2 (R ri ))nC' 1 ([0,T] : H s { R n ))) 2 . Set 

n n 

h 2 (x,^) = ^2 ajk(x)€j£k, hi(x,£)=i ^ d Xj a jk (x)£ k , 

j,k =1 j,k =1 

so that £ = 'S>h 1 +h 2 - Since ( cijk(x )) is positive definite there exist c = c(ajk', d Xj a,jk) and R = 
R(a,jk ; d Xj ajk) such that 

\hi{x,£) + h 2 (x,£)\ > c|£| 2 , V|£| > R. 


Choosing 0 G C , Q°(R n ) with 4>(y) = 1 if |y| < R and (j){y) = 0 if \y\ > 2R we define 
h{x,0 = (hi(x,£) + h 2 (x,$,))- 1 (l - </>(£)) and L = H>- h . 


So h € S 2 and 


££ = I + T ri , 


where r\ = n((ajfc)j,fc=i,..,n) S S 1 by the symbolic calculus in Theorem 12.1.21 in the sense that 
for any l G N, depends on the ellipticity constant /i and on finitely many derivatives of the 

CLjk S. 


We define Bdiag , B an u with symbols in (S' 1 ) 2 , S12, S21 with symbols in S 1 and S with symbol 


in (S 


—I\2x2 


by 


Bdiag 


B n 0 

0 -£>22 


Bn,r}.ti - 


0 B 12 

B 2 \ 0 


s = 


0 S12 

S21 0 


and the diagonalizing transform A with symbol in (S°) 2x2 by 

A = I-S. 

Then S = S(n; ( ajk)', (hmj)) in the sense above. Letting 

/= (dt - (iH + B + C))w, 


Si2 = -iBi2&, S 2 i = --iB2i&, 


and applying A, one obtains 

dtAw = iAHw + A Bw + A Civ + A /. (2.24) 
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We shall show that the system (I TM is diagonalized modulo operators with symbols in S' 0 . So 
wewrite 


iAH + A B = iHA + (iAH - iHA) + B - SB 

= iH A + (iAH — iHA) + Bdiag + B an ti — SB (2.25) 

= (iHA + BdiagA) + ( B an ti + iAH — iHA ) + (B^iagS — SB). 

Since the operator in the first parenthesis is diagonalized and the operator in the last parenthesis 
has order 0, it suffices to consider only the operator in the second parenthesis in (12.251) . Thus, 


Banti + ikH - iHA = B anti + iHS - iSH = 


( 0 B l2 \ ( L 0 \( 0 -\B l2 L \ 
\B 2l 0 j + l v 0 \B 2l L 0 ) 

( 0 -\B l2 L \/L 0 \ 

V \B 2l L 0 ) V 0 -L ) 

f 0 B\ 2 — ^£.E>i 2 '£j — T}Bi 2 {i£j 

V B 2 \ — ^HB 2 i^j — ^B 2 ifl£j 0 


We observe that LB\ 2 L = B\ 2 LL + T r2 , where r 2 e S° and 

B\2 — -£jBi 2 L — -Bi 2 LL = B\ 2 — Bi 2 LL — -T r2 = — B\ 2 ^ ri — -\P r2 . 

A similar calculus argument handles the term involving B 2 \. Therefore, we have that B an u + iAH — 
iHA has order zero, which allows to conclude that 

d t Aw = iHAw + B diag Aw + \h r 3 h; + Af, (2.26) 


where r 3 e (S °) 2x2 and 

r 3 = r 3 (n; v; (a jk ); ( bi mj ); (c/ m )), 

in the sense that for any jo e Z + , |w. 3 1^? 0 \ 2x a depends on n,v and finitely many of the derivatives 
of d j k , biaij and c/ m . 


By Lemma f 2 . 2 . 2 l there exists a real-valued p G S° and C > 0, both depending on (aj k ) and co, such 
that 


{h 2 (x,0;p(x,0}>Cc 0 \(\xm-c, v.,( G r, 


(2.27) 


with C = C'(n) to be determined. Let 


H x ,€) = 


e p( x ’t\l + (h 2 (x ,£)) 2 ) s/4 0 

0 e -p(*,€)(i _|_ (^ 2 (sc,0) 2 )*/4 


and K = T k . Note that e ±p ^’^(l + (h 2 (x,£)) 2 ) s / 4 € S s and is elliptic, since p 6 S ' 0 is real and 

(i+-- 2 iei 4 ) 1/4 < (i + (ft2(x,Q) 2 ) 1/4 < (i+^i«i 4 ) 1/4 

where v is the ellipticity constant of (cij k ). 
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The norm N on ( H s ) 2 is defined by 


(N(v)) 2 


\\KA.v\\h + M 


2 

H s-l ■ 


(2.28) 


It will be shown that N is equivalent to the standard LP-norm. 


Let 


H x >€) = 


e-P(*^)( l + {h 2 {x,i)) 2 )~ s/i 0 

0 eP^\l + (h 2 (x,0) 2 )~ s/4 


and K = \hr. Then k E (5 s ) 2x2 and by the symbolic calculus in Theorem 12.1.21 


KI\ = /+ T 


^4 5 


for some r 4 e (5 1 ) 2x2 , where |^ 4 1i^ 2 x 2 depends on u, (ajk) and Co for each j 0 € N. Therefore 

ALO. = (I + tf r4 )(/ - 5) = / - (5 - tf r4 + 'h r4 S'), 

where 5 — T r4 + T r4 5 has order —1. By the Sobolev boundedness (Theorem 12.1.If) 


Ml H* 


< 2|| A'ATAuH^- 3 + 2 11(5 - T r4 + * rA S)v\\ 2 H . 


< c 


L 2 


+ M 


H *~ 1 1 - 


< cm 


H 3 > 


for a sufficient large constant c = c(n, s, zv, (ctjfc), Co, ( bi m j )) independent of v. This shows the 
equivalence of the norms. 


Next, we shall estimate the norm N to establish the inequalities (i), (iii) and (iv) in Lemma l2.8.1 I Tn 
the following Cj will denote a constant depending on n, s, v, (ajk), Co and finitely many derivatives 
of {bimj) and (q m ). 


To estimate the second term of (N{v)) 2 in (12.281) we write 


d, 


i IMIltf 3 -! = 


+ 

+ 

< 


dt{J s 1 w,J s l w ) L 2 = 2Re (J s 1 dt'w,J s 1 w)l 2 
2 Re (J s ~ 1 (iHw + Bw + Civ + /), J s ~ 1 w)l 2 
2 Re {iHJ s ~ 1 w, J s ^w ) L 2 

2 Re - HJ 3 - 1 } + J^B + J s ~ l C)w , J s ~ l w ) L 2 

2Re(J s - 1 f,J s ~ 1 w) L 2 

d (N(w)) 2 + c 2 min ^N(f)N(w); ((A(|x| ))~ 1 J s ~ 1/2 f,J s ~ 1/2 f) L2 } . 


Above we have used that H is self-adjoint and diagonal, that N and H s -norm are equivalent, and 
that A is bounded above. 


For the first term of 
dt\\KAw\\ 2 L2 = 


+ 

< 


( N(w )) 2 in (12.281) we write 

d t {KAw,KAw ) L 2 = 2Re(d t KAw,KAw) L 2 
2 Re {Kdf Aw, KAw ) L 2 

2 Re (K(iH + B r i tag )Aw + ty r3 w + Af, KAw ) L 2 
2 Re ( K(iH + Bdi a g)Aw, KAw ) L 2 + 2 Re {K^ r3 w, KAw ) L 2 
2 Re (KAf, KAw ) L 2 

2 Re (K(iH + B drag) Aw. KAw ) L 2 + c(N(w)) 2 + 2 Re {KAf, KAw ) L 2 
I + c{N(w)) 2 + III , 


(2.29) 
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since \\K^ r3 w \\ L 2 < c||rc||/p < c(N(w )) by Sobolev boundedness and norm equivalence. 

We should consider the terms I and III separately. First we have 

I = 2 Re (K(iH + B diag )Aw, KAw ) L 2 

= 2 Re ((iH + Bdiag)KAw, KAw) T 2 + 2 Re (i[KH — HK]Aw, KAw ) L 2 
+ 2 Re ( [I<B diag - B diag K] Aw, KAw ) L 2 
< 2 Re ((BdiagK + i[KH - HK])Aw, KAw ) L 2 + c(N(w)) 2 , 

since H is self-adjoint and [KB d i ag — B d i ag K] is a commutator of diagonal matrices and therefore 
has order s. Using the commutator formula of the symbolic calculus on the diagonal matrices K 
and H it follows that 

i[KH - HK] = ^ q + tf r5 , 
where E S s and q E 5 S+1 is given by 

= ( {eP(l + h 2 2 y/*;h 2 + h 1 } 0 \ 

q 1 0 {e- p (l + h 2 ) s K--h 2 - hi} ) • 


Since 

{e p ( 1 + h 2 Y / 4 ; h 2 + h !} = ~{h 2 -p}e p ( 1 + h 2 ) s / A + {e p (l + h 2 ) s / A ; M, 
where the last term is in S s , it follows that 


q = 


~{h 2 -,p} 0 

0 ~{h 2 ]p} 


k + r 6 , 


for some r$ E S s , and thus 

i(KH-HK] = -* {h2 . p} K + * r7 , 

with T’j E S s . Hence, 


I = 2 Re (K(iH + B diag )Aw, KAw ) L 2 

< 2R e ((B diag ~ ^{h 2 -,p}) K ^,KAw ) L 2 +c(N(w )) 2 . 


Next we apply the sharp Garding inequality (Theorem 12.1.HD to the diagonal matrix B diag — ^^ hrp 1 . 
For l = 1,2, 

( n \ n 

= -E Im b ud x )^ - {^2; p} 

3 =1 / 3 =1 

n 

< c 0 A(|x|) ElOl - C' , c 0 A(|x|)|^| +c< (y/n — C') c 0 A(|x|)|f| + C. 

3 = 1 


Choosing C = 1 + \/n and using that (1 + |£| 2 ) 1//2 < 1 + |£|, we obtain 


Re 


- l h 2 ;p} 


< —coA(|x|) (l + |^| 2 ) ^ + cq + C, 
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and the sharp Garding inequality yields 


2Re (( B diag - ^ {hrp })KAid,KAw) L2 + c(N(w)) 2 
< —2Re(co\(\x\)J 1 KAw,KAw) L 2 + c(N(w)) 2 . 

Since (A(lxl)) 1 / 2 G C£°, one has 

A J 1 = ^A(C) = ^'(A) 1 /2(( ? ))l/2 ^(a) 1/2(^))1/2 + ^r 8 , 

with r§ G S° and (£) = (1 + |£| 2 ) 1//2 . But 

^( A ) 1/2 «£» 1/2 = (^( A ) 1 / 2 ^))!/ 2 )* + ^ r 95 

for some rg G S' -1 / 2 , so 

~2Re(\J 1 KAw,KAw) L 2 < -2||(A) 1/2 J 1/2 KAuj\\ 2 l2 + c(lV(h;)) 2 . 


Recalling that I = KKA + r -i G 5 1 and using the symbolic calculus on diagonal matrices 

we obtain that 


\ 1 / 2 J s+1 / 2 w 
(J S K) 


< 


L 2 


< 


(\ 1 / 2 J 1 / 2 )(J s K)(KA)w 
( KA)w 


L 2 


L 2 

+ cN(w) < c 


+ cN(w) 

(A 1 / 2 J 1 / 2 ){KA)w 


L 2 


+ N(w 


So the following estimate for the term / in ED is therefore obtained 

I = 2 Re (K ( iH + B diag )Aw, KAw ) L 2 

< —c(\(\x\)J s+1 / 2 vj,J s+1 / 2 w) L 2 +c(N(w)) 2 . 


The estimate for the term III in dZZSli will depend on which inequality (i), (ii), (iv) in Lemma 
ron is considered. 

To obtain (i) we write, 

III = 2 Re (KAf, KAw ) L 2 < cN(f) N(w). 

Adding the estimates for the two terms of dt(N(w)) 2 we get 

d t {N{w)) 2 < c(N(w)) 2 + cN{f) N(w), 
so 

dtN(w ) < cN(w) + cN(f). 

Hence, 

N(w(t)) < e ct (N(w(0)) + c f N(f(r))d,T), 

Jo 

which proves part (i) in Lemma , 12.,‘bl I 
To obtain (iii), we use again that 

III < cN(f)N{w). 
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Therefore, adding estimates one finds that 


d t {N(w)) 2 + c (^\J s+1 / 2 w, J s+1 / 2 wj L2 < c{N{w)) 2 + cN(f ) N{w). 


Integration from 0 to t yields (iii). 


Finally to obtain 
III = 


< 

< 

+ 

< 


(iv) we estimate the term III as follows 

2 Re (KAf, KAw) L 2 = 2 Re (J 1/2 A/, KAw) L * 

2 Re (J~ 1/2 KAf, J l / 2 KAw ) L 2 = 2 Re (A“ 1/2 J~V 2 KAf, A 1/2 J 1/2 I<Aiu ) L 2 
211 A“ 1/2 J- 1/2 K A/] | L 2 11A 1/2 J 1/2 KAw 
2 A” 1/2 (J” 1/2 RAJ- s+1 / 2 )(J'- 1 / 2 /) 

||A 1 / 2 (J 1 / 2 ^AJ- s - 1 /2)(j 5 +i/ 2^|| l2 

(j-^kaj-'+w) (j s - 1/2 /) 

- 5 - 1 / 2 ) (^ +1 / 2 zZj) " 


L 2 


L 2 


6 

C 

e 


A 1 dx 


\dx 


J s ~ 1/2 ff X^dx + ce f J s+ 1 / 2 w ) 
Jr" 


Xdx, 


where the last estimate follows from Theorem E3H since J l / 2 KAJ s+1 / 2 and J X ! 2 KAJ s l / 2 
have order zero, e is a small constant to be chosen. Adding estimates we obtain 


dt(N(w )) 2 + (ci — C 2 e)(\J s+1 / 2 w, J s+1 / 2 w ) L 2 

< c(N(w)) 2 + (j + c 4 ) (A' 1 J 5 - 1 / 2 /, J s ~ 1/2 f) L2 ■ 

Then, choosing e sufficiently small, integrating from 0 to t we obtain part (iv) of Lemma 12.11.1 1 


Proof of Theorem 12.,' II I 
Uniqueness : 

Assume u; G (C([0, T] : LP(M”))) 2 is a solution of the system in (12.201) with /= 0 and tco = 0. Then 
w € (C([0,T] : LP(M re )) nC ,1 ([0,T] : Lf s_2 (R n ))) 2 . From part (i) in Lemma 12.(1.11 one concludes 
that w = 0. 


Existence : 

Case 1 : / G (S(R n+1 )) 2 and w 0 G (S(Itr)) 2 : 

The conjugate linear functional l* is defined in the linear subspace 

(dt + (iH + B + C)*){CZ°(R n x [0, T))) 2 C (L^O.T] : If- s (R n ))) 2 , 

by 

^(f?) = / (f^)L 2 xL 2 dt + (w 0 ,(j){0)) L 2 xL 2 

Jo 
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for $ G (C'o°(M" x [0, T))) 2 and fj = — (dt + (iH + B + C)*)$. This is well defined by the uniqueness 
part above. 

By part (ii) of Lemma 12.3.11 with s replaced by — s it follows that 

\l*{v)\ < \\f\\(H s ) 2 \\<l>\\(H-°) 2 dt + ||iuo||(h s ) 2 II0(O)II(J7- s ) 2 

< Cie C27 (j|/||(Z,l([0,T]:H s )) 2 + ll^o||(,£P) 2 ) ||^||(L 1 ([0,T]:if- s )) 2 - 


Using the Hahn-Banach theorem to extend l*, there exists w G (L°°([0, T] : H s (R n ))) 2 such that 


[ (w, (dt + (iH + B + C)*)(j))( H s' ) 2x(H s ) 2 

J °T 

[ (fJ) L 2 xL 2 dt + (w 0 ,m)L*xL*, G (Cq° (M n x [0, T))) 2 . 

Jo 


(2.30) 


Thus, (dt — (iH + B + C))w = f as distributions for 0 < t < T. From this equation one has that 
d t w G (L°°([0, T] : H s ~ 2 (R n ))) 2 since / G (S(M n+1 )) 2 , so w G (C([0,T\ : H s ~ 2 (R n ))) 2 . Using the 
equation once more, w G (C 1 ([0, T] : iL s_4 (E n ))) 2 , and w(0) = wq by (12.301) . 

Since wq G (S(M n )) 2 , s can be replaced by s + 4 in the previous argument and there is a solution 
w of EH to which Tvemma. 12.3.1 1 parts (i)-(iv) hold. 

Case 2 : w 0 G ( H s (R n )) 2 : 

Choose a sequence (v 3 ) in S(M n )) 2 such that v 3 —> wq in ( H s (R n )) 2 . 

(A) If f G (L 1 ([0, T] : LP)) 2 , choose a sequence (fj) in (S(M ri+1 )) 2 such that fj —>■ f in (L 1 ([0, T) : 
H s (R n ))) 2 . 

By case 1 there is a solution Wj G (C([0,T] : P s+2 (M n ))) 2 of (12.201) with f and iuo replaced by 
fj and Vj respectively. Using Lemma f2.3.II part (i), it follows that (wj) is a Cauchy sequence in 
(C([0,T] : H s (R n )) 2 and that the limit w is a solution of (12.201) satisfying part (i) in Lemma r2.3.1 1 

(B) If /g (L 2 ([0,T] : H s )) 2 , choose a sequence (fj) in (S(M n+1 )) 2 such that f 3 —> f in (L 2 ([0,T] : 
H s (R n ))) 2 . Proceeding as in (A), there is a solution w G (C([0, T] : H s (R n ))) 2 of (12.201) satisfying 
(iii) of Lemma 12.3.II 

(C) Let 

J-^fC (L«(»*x| 0 ,n:||)) J . 

By Theorem 12.1.11 there exists a sequence (g 3 ) in (S(R n+1 )) 2 , such that gj —> J s 1//2 / in 
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Proceeding as in (A) with fj replaced by J s G (S(M” +1 )) 2 , there is a solution w G (C([0, T] : 

H s (M . n ))) 2 of (12.201) satisfying (iv) of Lemma \‘2 . (Ill 

This completes the proof of Theorem 12.3. 1 1 


Remark 2.3.1 Suppose that the differential operators B\\ and B 22 in the entries of B in WM> 
are replaced by pseudo-differential operators Tf )11 and Tb 22 of order 1 and suppose that C in WM> 
is replaced by a 2x2 matrix of pseudo-differential operators of order 0. Then the conclusion of 
Theorem, 12 . still holds if 

\Reb u (x,f)\<c 0 \(\x\m, 1 = 1,2, Vx,£ G R n . 

The reason is that the application of the sharp Carding inequality in the proof of Lem,ma \2.ti. 1\ goes 
through in exactly the same way. 

Consequently, ifb\(x ) • in 12.2(A) is replaced by with b G S' 1 and c\,C 2 in 12.2(A) are replaced 
by pseudo-differential operators of order 0, then the conclusion of Corollary 12. S. II holds if 

I Re b(x, £)| < c 0 A(|x|)(^), V x, f G R n . 


This will be useful later. 
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3 A NEW CLASS OF SYMBOLS 


As it has been shown in [HUES to obtain local well posedness for nonlinear Schrodinger equa¬ 
tions one relies on certain smoothing effects for the associated linear equation with lower order 
terms (order zero and one). In the previous section we have established these smoothing effects 
in equations with variable second order elliptic coefficients by using known properties of classical 
pseudo-differential operators. In an attempt to prove these smoothing effects for the non-elliptic 
case, one is led (see ££]) to the study of certain operators with non-standard symbols. Our goal in 
this section is to study results concerning the L 2 -boundedness and composition of operators in this 
class by using geometric arguments. The elliptic case of our results were proved by Craig, Kappeler 
and Strauss in [1] whose statements we follow. The differences between the elliptic and non-elliptic 
settings are highlighted in Pronosition 13.1.21 below, -see also EH. 


3.1 Symbol Properties 


To begin with, the symbols of interest will be compared to the classical ones defined in (12.211 Section 

□ 


We recall the following spaces 


“) = («£ C°°(M n ) : sup (x) fc |<9"u(x)| < oo, k E N, a 6 N" ) , 
xeR n 


with seminorms 


and 


with seminorms 


Ns,m = max 
k-\-\a\<m 


{x) k d“u{x) 


L°°(R n ) 


C£°(R n ) = {u£ C°°(R n ) : sup \dfu{x)\ < oo 

xGR n 


Mc~ m = max ||<9 >(x)IIz/-(R" ) ■ 

\a\<m v ' 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


The symbol a = a(x, £) E C' 00 (R n x R n ) will satisfy certain estimates and the operator T a associated 
with the symbol a will be defined as 


^au(x) = 


J R« {2ir) n / z 


Proposition 3.1.1 (i) Suppose a is a classical symbol of order m E R, a E S\ n 0 , i.e. for a, (3 £ N n 

d^a(x,0 1 < c a , p (0 m ~ m , Vx, e 6 R n . (3.5) 

Then T a is a continuous map from S(R n ) into S(R n ). 
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(ii) Suppose m £ M and a satisfies that for a £ N n 

|0>(x,0|<c Q (er, Vx,{£R n . 
Then is a continuous map from S(R n ) into Cjj°(M. n ). 


Proof of Proposition l>. l.ll See [25]. 


The symbols of interest in this section satisfy 

<9“<9^a(x,£) 


estimates of the type 

<c af3 (x)W(O m - m - 


(3.6) 


(3.7) 


This is better than ISH) in part (ii) of Proposition rrrn but not as good as (i). In particular, we 
will see (Propositionpart (iv)) that there exist a satisfying (13.71) with m = 0 and v £ S(R n ) 
such that 'S'aV £ S(R"). 

Let A(x) be a real, symmetric and invertible n x n matrix. Using a coordinate change (a rotation 
and dilations) in the x-variable, there are essentially only the elliptic and ultrahyperbolic cases 

A e = I n and A h = ( ^ ° , k £ {1, ..,n - 1}. 

V u -J-n-k J 

where Ij is the j x j unit matrix. 

Take % £ U 00 ^") with %(£) = 0 for \t\ < 1 and x(f) = 1 for \t\ > 2. 


Definition 3.1.1 (%) It will be said that a £ S(R n : S™ 0 ) if a £ C'°°(R n x R" x R n ) and a satisfies 


(s) M <9“df<97a(s;x,£) < V s, x, £ € R n , V/x, a,/3,j £ N" 


(3.8) 


(ii) For a £ S(R n : 5j(g) ; let 

/ (1) b e (x, £) = x(|£| )a{P{x, A e £);x, £), 

I (2) b h {x,0 = X ma(P(x,A h fi)-x,0, 1 j 

where P(y,z) = y — (y • z)z/\z\ 2 for y,z £ R n , z ^ 0, is the projection of y onto the hyperplane 
perpendicular to z, (notice that P(y,z ) is homogeneous of degree 0 in z). 


Remark 3.1.1 (a) Although we shall work in the class S(R n : £7o)’ ^ c ^ ear that all the 

results deduced for this class still hold when just a finite number of semi-norms in § and S™, 0 are 
assumed to be finite, i.e. EH with \y\ + |a| + |/3| + |7| < N for N large enough. 

(b) We observe that if a £ S(R n : S 1 ^), then 

£ S(R" : 5f, 0 ), k = m+\(3\ — |a|, 
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and for Me N large enough 

{x)~ M x(\f,\)a(P{x, Ai£)\x,£) = (x)~ M bi(x,f,), with l = e, or l = h, 

is “roughly speaking ” a symbol in the class S ™ l 0 (when only finitely many f derivatives are taken 
into account, which is always the case in the sequel). 

(c) Finally notice that if a E S(R n : Sfo) and bi is defined as in \3. .91) then b 13 given by 

bi = (x)~^d^bi(x, £), with l = e, or l = h, 

is a symbol of the same type and the corresponding bounds in J2 ~E> are controlled by those of a. 

(d) The symbols described here will be our basic building blocks in the study of variable coefficients 
Schrodinger operators, see Section 0 


The symbols defined in (IT 1)1) satisfy an estimate of the type given in Proposition 111. 1.11 More 
precisely, if u E S(R n ) then d 7 be u E S(R n ) and ^b h u E C£°(R n ) and is rapidly decreasing away from 
the characteristic directions, i.e. Ax ■ x = 0. In the characteristics directions, ^ bh u(x) decays as 

I I 1 —77 I I 

x as x —> oo. 


Proposition 3.1.2 Let u E S(R n ), and a, b e and bh as in definition al. 1.1\ 
(i) If \a + (3\ < k, then for all x in R n 


x a d^b e u(x) 


<c k [ sup (s) k dfd%dja(s;x,£,) 
\|a|<fc; |/3|<fc; |7|<fc 


I ^1 S,2fc+m+n+l • 


(ii) If c E [0,1] and \a + j3\ < k, then if j—-— tt— j- > c 


x a d^ bh u(x) 


<c fc sup (s) k d?d£dja(s;x,0 

\M<fc; \ 0 \ <fc; M<k 


I U\S,2k+m+n+l • 


(Hi) If a E C“(R ra : 5'™ 0 ) with a(s;x,f) = 0 if \s\ > 1 and \j3\ < k, then 


d x^b h u{x) 


< Ck sup 

\H<fc; |/3|<fc; |7|<fc 


dfd^dl a(s;x,f) luls^k+m+n+iix) 1 n , Vx E 


(iv) There exist a E S(R” : S™ Q ), in fact, a E C'^ >0 (R n : 5’™ 0 ), v E S(R n ), and c > 0 such that 

\'& bh v(x)\ > c\x\^ n , with A k x • x = 0, |x| > 10 


In the proof of Proposition 13.1,21 we will use the following results. 


25 





















Proposition 3.1.3 (i) Let a E N n . Then 


(£ ■ Vg)^ = 9g (£ ■ Vg) - M9e ■ 


(m) Let T 4 denote the transpose of the operator T, i.e. f Tuv = f uT 4 u. Then 


i x ■ £ 


(£ • Vg) 


1 


and 


(e-vg) 


ix ■ f 

1 

ix ■ f 


(—(£ ' Vg) — (n — 1)/), 


ix ■ f 


(iii) Let <fi be a differentiable and homogeneous function of degree 0 on M n — {0}. T/ien 

(e■ vg)^(o = o, e^o. 


(to) Lei a,/3 £ N n ; k E N, b = b e or b = bh- Then 

(£ ' | < c k i sup a(s;®,£) J (a:) l/J| (£> r 


Proof of Proposition 13.1.31 

(i) and (ii) are easily verified. As for (iii) we have 



(iv) follows from (i), (iii) and Definition 13.1.11 since P(x,A£) is homogeneous of degree 0 in £. 


Proof of Proposition 13. 7 .21 

For simplicity of the exposition we shall assume that the constants c MQ!/ g 7 which appear in (13.811 are 
all smaller than unity for \p\ < k, |a| < k, \(5\ < k and |y| < k. Also we shall drop the powers of 
2n which appear in the definition of 

(i) Let |a + (3\ < k. We consider three cases: 
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Case 1 : Ixl < 2. Here 


x a d^ be u(x) 


^ Ck |^| S,ra+fc+n+l • 


Case 2 : |x| > 2 and |P(x,£)| < |x|/2. From 71) . it suffices to estimate terms of the type 


I = 


j e ix <df 




where a\ + «2 + «3 = a, and (3 1 + /% = /?. 
Pythagoras’ theorem gives 


izi 2 = 7-1L + |p(x,oi 2 , 


lei 2 


so by hypothesis 


i I . 4 i_ W i e i,/ 1 _!ffeop> W i £ ir 1 j^'Oi a 


12 — 


> Ml£l ( !- J) > ^1*1 


Above we have used that \/l — t > 1 — t for t E [0,1]. Now we use the identity 

k 


e lx< = 


1 


i x ■ £ 


(£ • v ? ) 


J x < 


(3.10) 


By Proposition 13.1.31 (ii), if k\ + ka + k$ < k it suffices to estimate terms of the type 
r P ix < 


II = 


j (ix • t) k vs ' t;J L $ 
Using Proposition 13. 1.31 fivl it follows that 


(^•V 5 ) fcl (e-V ? ) fc2 ^5 ° 2 b e (x,0(Z-Vz) k3 d« 3 u(0da. 


\H\<Ck [ I “ ll+m |a21 (x) |a2| |u| S ,2fc+m+n+l < Qc M S,2fc+m+n+l • 

\ x \ 141 


Case 3 : |x| > 2 and |x| < 2|P(x,£)|. From (13.81) and (13.101) it follows that 

|L| (5: C-k |fl| S,m+fc+n+l; 

which proves (i). 

(ii) Let c E [0,1], |a + /3| < k. Suppose that |x|~ 2 | A^x ■ x\ > c with c > 0, (otherwise the statement 
is trivial). We consider three cases: 

Case 1 : |x| < 4/c. Hence 

c k \x a d^ bh u(x)\ < 4 k c k |u|s,fc+ m+ r»+l. 
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Case 2 : \x\ > 4/c and \P(x, Ah£,)\ < c\x\/2. 
Since 


x = 


£ • A? 

I£l 2 


Ah€ + P{x, Ah£), 


by Pythagoras’ theorem, 


\x\ 2 \tf = \x-A h Z\ 2 + \Z\ 2 \P(x,A h O\ 2 . 

The matrix Ay, is symmetric, so 


ie • A h x\ = \x ■ A h £\ = \x\\S\J 1 - lP(a ?y )12 


CM . y/3. 


> \x\\£\\l ( 1- j ) > -y|®||f|- 


Next we write 


£ = ~ ; ^^ A h x )■ 


By Pythagoras’ theorem 


|r({,Ax)| = |£|Jl-!T^i<|{|y'l- 


1 - 


-fiei- 


Using that 

x ■ i = \x[~ 2 (£ • ■ x) + x ■ P(£, 

from the above estimates and our hypothesis we conclude that 

I® -£l > c ^rM • l£l - M • \ p ( x , A hO\ > c ^y \ x I ' l£l - |l® • l£l > ||®| • l£l 


(3.11) 


Integrating by parts as in case 2 of part (i), (ii) follows. 

Case 3 : \x\ > 4/c and \P(x,Ah£)\ > c|x|/2. 

From D and EH as in case 3 of the elliptic case it follows that 


d x^bMx) 


. _k I ^ I 

\ C Cq |^| S,ra+/c+n+l • 


(iii) It suffices to show the statement for |x| > 10. Let \f3\ + /? 2 | < k and consider terms of the type 

1 = I e ix <(iO Pl d^b h (x,OHO^. 
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Since \P(x, Ah£)\ < 1 proceeding as before 

x ■ A h £ 


x = 


l£l 5 


Ahi + P(x, Ah£), 


and by Pythagoras’ theorem 

\x\ 2 \Z\ 2 = \ X -A h Z\ 2 + \Z\ 2 \P(x,A h O\ 2 . 

The matrix Ah is symmetric, so 


ie • A h x i = ix • A h i i = \x\\z\J i - |p(x ;y )|2 > |x|iei(i - |x|- 2 ). 


Next we write 


By Pythagoras’ theorem 


£ = -7 A ,^ X A h x + P(£, A h x). 


m,A hX )\ = < i£ivi-d- w- 2 ) < v^isim- 1 . 


i.e. 


lei 


< \/2|x| _1 . 


(3.12) 


Hence £ is in a cone with vertex at the origin, axis given by AhX and opening angle 0 where 
sin{6) = a/^IxI^ 1 . In particular, 6 < 2\x\ x , because |x| > 10. 


Therefore 


and 


/ = 


[ e ix Hi0 Pl d^b h (x,0H0^ 

JT X 


\I\ < c|u|s,fc+ m +n+l [ (£) n l di 

Jv x 

< c|u|§ )fe+m+ri+ i(|x | -1 ) n_1 / (£) _n_ 1 a!£ 

JR" 


— C |fl|§,fe+m+n+l 


—n+l 


(iv) Choose </> G C'^°(M ra ) with 0 > 0, <^>(s) = 1 if |s| < 1/4 and </>(s) = 0 if |s| > 1/2. Let 
a(s;x,£) = <(>(s)(£) m . Choose v € S(M n ) such that D(£) = x(|£|)(l — x (|£|)) 2 with x(-) given in 
Definition 13. 1.11 Then 

Mi) = / (C(x, -4„{)) ({)” (X(l«l )) 2 (1 - X(l«l )) 2 <K- (3.13) 


Assume that |x| > 10. An argument similar to that used to deduce cm shows that 

\P(^A h x)\ < (v / 2)” 1 |£||x|- 1 . 
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Also one has that x ■ £ = x • P( £, A^x) when A/jX • x = 0. Hence |x • £| < (\/2) 1 |^| < y/2 on the £- 
support of the integrand in (CHEIJ). Thus 

^e^u(x)>cosV2 J ^(P(x,A fe e))(O m x(iei) 2 (l-x(|e|)) 2 ^- 

Let L x be the cone defined by 

T x = {^eR n : |e|- 1 |P(e,A ft s)|<(4>/2|*|)- 1 }. 

Suppose ^ E T x . Since 

£ = ^ A ^ X A h x + P(£, A h x), 

\x\ z 

it follows from Pythagoras’ theorem that 

I® ■ A h £| = |£ • A h x | = ~ - If 11*1 “ ^l 3 ^ 2 ) ' 

Now write 

and use Pythagoras’ theorem to get 

|P(x, A h C)| 2 = |x| 2 - ^ < |x| 2 - |x| 2 

Therefore 

Re* bh v(x > cos(V2) [ (C) m (x(|C|)) 2 (l - x(|C|)) 2 ^ 

dr* 

= cos(-\/2)c n |x 

where 

c= [ (cr(x(ici)) 2 (i-x(ici)m>o. 

JR n 

This completes the proof of Proposition Id A. 21 


/ (C) m (x(lCl)) 2 (l - x(|CI)) 2 dC = cc n cos(\/2)|x| 1 - n 

JR™ 



3.2 L 2 -boundedness 

Now we are ready to establish the P 2 -boundedness of our ultrahyperbolic operators. 


Theorem 3.2.1 Suppose a E S(R n : S 1 ^) ( see Definition IS.l.ll IS. &) - kS.!-A) ). Then there exists 
c = c{m ) and N = N (to) such that 


\\^b h u\\ T 2<c max 

L M +|a+/3+ 7 |<jV 


(sy^y m+b] dfd^d]a \\u\\h ™, TOE S(M n ). 
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The proof of this theorem in the 2-dimensional case (n = 2) is more involved than in the higher 
dimensional case. As it was pointed out in Proposition 13.1 .21 (iv) one can not expect enough decay 
in cones around the characteristic directions (i.e. Ahx-x = 0). In fact, for n = 2 the estimate 
is critical and after some decomposition in frequency and space we need to use Cotlar-Stein lemma 
to glue the pieces together. 

Proof of Theorem Id. 2. 71 


If a € S(R n : S% 0 ), then (£) _m a € S(R n : S%) with 

(snd^dfdPd'l [(0~ m a 


max 

fj,+ \a+/3+'y\<N 


< c m max 

/i+|a+/3+7|<JV 


L°° 

(snO- m dfd^d]a 


Furthermore, J m is an isometry of H rn onto L 2 , so it can be assumed that rn = 0. 


Next, we use an argument similar to that in m Section 3 (which in the case of the elliptic operators 
gives a straightforward proof of the L 2 -continuity). This is based on a simple change of variables 
-see (EH below. In order to do it we make the following decomposition. Let {0j}jeN be a smooth 
partition of unity on R subordinate to the covering 

R = (-l,l)yuf =1 {t G R : 2 j ~ 2 < |t| < 2 j } 

OO 

i.e. satisfying 0 < 4>j(x) < 1, i-E 4>j, supppo C (—1, 1) and supp <j)j C {t G R : 2 J 2 < \t\ < 2 J, |. 

I=o 


Since the intervals in the covering have length at least 1, it can be assumed that 



< Ck, 


16 R, k e N. 


Let cf> G C'°°(R) with <f>(t) = 1 for t < 1, (f>(t) = 0 for t > 2 and 0 < 4> < 1. 
Denote by a the Fourier transform of a in the s-variable. Thus, 


{o) Nl d^ 1 a(<j] x, £) 


< c max 
L°° W 2 + |/3 2 |<2iVi+n+l 


{s) N2 d! 2 


L°° 
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Now using that a ■ P(x, A£) = x ■ P(a, Ah £) we have 
^ b h u(x ) = [ e lx< a(P(x,A h £);x,$,)x(\(;\)u(t)d£, 

I l I e**' (€+p(<T ’ j4hS)> ) 0j(|<r|)o(a;x,Ox(ICI) 

i=0' 

OO 


M 

2i+ x 


u(^)d^)da 


+ £/(/<^(M)a(cr;x,£)x(|£|)</> u(t)d£)da 

= I+ 11, 

where <5 > 0 is a small constant to be chosen. In / we make the change of variables 

v = £ + AO = £ + fo- - 


l£l 5 


(3.14) 


Then 




where is a matrix whose entries are homogeneous of degree 0 in £. The determinant function 
2 

is continuous on R n , so 


1 

- < 

2 ~ 


det[$ 

A 


< 2 , 


by fixing 5 > 0 sufficiently small, we recall that |<r| r*j 2 J , <5|£| > 2- 7 " 1 " 1 . This gives 


I = 


OO r. 

I>(H> / e“’d(<T;x.fO))x(|{(>?)l) 

—n ^ 


i=o 

;i-^2-^'- 1 i^)i))u(^)) 


det 


dr] 

A 


-i 


dr/ da. 


Combining Minkowski’s integral inequality and the L 2 -boundedness of S® 0 pseudo-differential op¬ 
erators we get 


I r 2 < c max 

H+\a+P+-y\<N 


< s m h| 9,“^®a|i ii«iu= y) [ 


Ox / 

j=o' 


(cr) n+1 


where 


As for //, let 


Then 


/ / 0 QQ - < oo. 

^■/ (0 n+1 

ajk(s',x,£) = A(l«l) J e t(T ' s (j)j{\a\)a(a;x,^)da, j,k <E N. 

OO « 

u _o ^ 


j,fc=0 

OO 


(3.15) 


j\fc=o 
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where ^tjk is a pseudo-differential operator with symbol 


°‘jk(P(x,A h £)ix,£)x(\€\)<l>{S2 3 ^l). 


First, by Cauchy-Schwarz, 


so 


\^jku(x)\ < c2 jn/2 \\a jk \\ Loo \\u\\ L 2 , 

XB 2k+10 (o)^ikU r2 < c2° +fc)n/2 l|ajfc|| L oo Ml 2 - 


(3.16) 


Next, we shall estimate 


( 1 _ XB 2k+lo (0))^jkU 

by using Cotlar-Stein lemma which can be stated as follows 


L 2 


Cotlar-Stein lemma. 


Let {'h;}^o a sequence of bounded operators on L 2 and let {7(0}^o a se Q uence of positive 

OO 

numbers with ^^7(0 < oo. Suppose 
1=0 

< hih-h)) 2 , h,hen, h<h. 

oo 

Then 'I >iu converges in L 2 for any u E L 2 and 

1=0 


y *iu 


1=0 


OO 

< h«ii l 2 - 

L 2 1=0 


For a proof of this lemma we refer to m- 
For fixed j. k > 0, let 

A x = jx E M n : 2 k+l+10 < \x\ < 2 k+l+u } , l E N, 

and define T/ = ^ijk by 

^iu(x) = XAt(x)^j k u{x), u E S(M n ), l E N. 

OO 

Then T/tt converges to ^1 — Xs 2fe+10 (o)^ ^jkU uniformly on compact subsets of M n . In particular 
1=0 

in the distribution sense. By Cauchy-Schwarz 

mu \\ L 2 < S* +k+l )n/2 \\a jk \\ LOO Ml 2 , u E S(M n ), 
so T; is bounded on L 2 for l G N. 
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In order to apply Cotlar-Stein lemma, it suffices to consider for l\ < I 2 , because = 

^h^i 2 and = 0 for h / l 2 . 

Let u G S(M”). Since 

^iu(x) = J J e^ x - y)< a jk {P{y,A h ^)\y^)x{\i\)4>{p2- : >~ l \i\)xAi{y)u{y)dydi 

= J elX< (J e ~ W< ^jk( p {y^ A h^)-,y,0x(\^\)4>{^~ J ~ 1 \^\)xA l (y)u(y)dy^d^ 

it follows that 

= J J J e ~ w<n jk (P(y, A h 0',y,0 x(l£l)</> (<S2 -J-1 |£|) XA h {y)v(y)- 

■ e lz< a jk (P(z,A h f);z,f,)x(\f,\)4> (<52~ J_1 |£|) XA h (z)u(z)d£dzdy , 
for all v,u G S(M n ). So 

^h^i2 u (y) = J K hh(y, z ) u ( z )dz, 

where 

K hh(y,z) = XA h (y)XA h (z)fe^ y - z ^a jk (P(y,A h ^y,^)- 

■djk{P{z,A h £,);z,£)x 2 ( |£|)0 2 (<52~ J “ 1 |£|)d£. 

It is convenient to fix the following terminology. 


Definition 3.2.1 T is the cone of angle 9 G (0,1/2) if there exists eo G R n — {0} such that 

r={ier : |x| —1 \P(x, e 0 ) | < 9} . 


Notice that |r n A t \ < c 0 n - l 2 n{ ~ k+l \ 


Choose a collection {r mi } of cones of angle at most 2 Jl /16 such that 

M ra = Jr mi . 

mi 


Let 


■ mi 


1z G M n 


z\ 1 \P(z,x)\ < 


2~h 

TfT 


for some x 



Then r* n is a cone of angle at most 2 ^/4, and it can be assumed that the collection {r* n } is 
locally finite on M ra — {0} by choosing {L mi } appropriately. Let 


Sm\ — r mi n A[ 


S* mi =T* mi PA t 


h • 


Claim 3.2.1 : If x G S mi , z G Ai 2 and aj k (P(x, Ah£)-,x,£) aj k (P(z, A^)- z,£) / 0, then z G Sf 
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Proof of claim FTPl The goal is to show that z E 5^ . By assumption, 

\P(x,A h 0\,\P(z,A h 0\<2 k . 

Since 

a:= ^p A ^ + P ( a; * A hO, 

by Pythagoras’ theorem 

I* • m i > Niei (1 - 2- 2/i - 20 ) 

Similarly, 

> |*||£| (l-2- 2/2 - 20 ) . 

Now we use the identity 

x ■ z = |£| -2 (x ■ A h £) (z ■ A h g) + P(x, A h £) ■ P(z , A h g), 

to obtain 

\x-z\> \x\\z\ (l - 2" 2il “ 20 ) (l - 2~ 2l2 ~ 20 ^j - 2 2k . 

But 

z ■ X 

z = -r~[T x + P{z,x), 

\x\ z 

so 

\P(z,x)\ 2 = \z\ 2 - (z ■ x) 2 \x\~ 2 < \z\ 2 - \z\ 2 (l - 2~ 2ll ~ 19 ^ + \x 

^ 2 —-(- 2 — 2 —^ Zi — 16|^|2 

and therefore z E T* n . This proves claim Id. 2. II 


-2‘2^‘k+l 


Claim 3.2.2 : 

sup \K hh (x,z)\ <c\\a jk \\ 2 Lao 2^2- l ^ n - 1 \ 

x,z£M™ 


Proof of claim 13.2.21 
We recall that 

K hh(x,z) = XA h (x)xA l2 (z) J e l{x ~ zH a jk {P{x,A h ^)-x,$,)- 
• a jk (P(z,A h O-,z,Ox 2 m)^{52-^\)d^ 

Suppose z E A[ 2 (otherwise Ki 1 i 2 (x,z) = 0) and a,jk(P(z,Ah£);z,£) ^ 0 so that \P(z, A^)\ < 2 k . 
Then 

\Z-A h z\ = \z-A h Z\>\z\\£\(l-2- 21 *- 20 '), 
as in the proof of claim 13.2.11 Since 

Z=^4r-A h z + P(S,A h z), 

\z\ 
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one has 


I Pit, A h z) | 2 = |{| 2 - < | { | 2 - | £ | 2 (l - 2-M) 2 < | £ | 2 2 -2i2-19 , 

which shows that £ belongs to a cone T 2 of angle 2~ /2 ~ 9 . Hence 

|Jy /iZ2 (x,z)| < \\a jk \\ 2 LOO |r 2 n {6\Z\ < 2^+ 2 }| <c\\a jk \\ 2 LOO 2"J 2 - ,2 <"- 1 >. 
This yields claim 13.2.21 . 

Now to estimate ||^ r ; 1 ^ r * 2 u|| i2 we consider two separate cases. 

Case 1 : l\ < l 2 < + 10. 

Then 




I<i 1 i 2 (x,z)u(z)dz 


dx<Y,f 

mi ° m i 


K h i 2 (x, z)u{z)dz 


mi 


2 

L 2 




< y^l'S'mil I'S'to! I sup \Ki 1 i 2 (x, z)\ 2 \\xs*u 

X.Z 11 

m 1 ’ 

< c2 -h(n-i) 2 n(fe+h) 2 -h(n-i) 2 «(fe+i 2 ) 11a, jfc 11^ 2 2ni “ 2Z2 ( n ~ 1 ) ^ 


< c2 Mfe+i) 2 ( 2 -n)d 1 H 2 ) Ha^ll^ || M ||2 a _ 


m 1 


2 

L 2 


The first inequality above follows from claim 10.2.11 the second inequality from Cauchy-Schwarz, 
the third inequality from claim IXT21 and the fourth inequality from the local finiteness of {5^}. 
Therefore, 

W^hKW < c2 n ^2 (2 ~ n ^ h+l ^/ 2 \\a jk \\ 2 LOO , for h < l 2 < h + 10. (3.17) 


Before turning to the remaining case l 2 > h + 11, it is useful to split A[ 2 in sectors S m2 where m 2 
roughly speaking measures how noncharacteristic the directions in S m2 are. More precisely, let 


S m2 = jz G A h : (m 2 - 1)2 h < ^ < m 2 2 * 2 j , m 2 = 1,2, ..,2* 2 l , 

1 ^ | A h z ■ z\ 


St = <z€ A, 


12 — 


Then Ai 2 
that 


2*2-! 

sjU U S m2 . The next result will be used to estimate the volume of S m2 . Recall 
m 2 =l 


Ah = 


h 0 

0 In—k 


k e {1 ,n — 1}, 


where Ij is the j x j unit matrix. 
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Proposition 3.2.1 Suppose that 0 < e < a < 1/2, e < 1/16. Let 


S ae = <! ~ G M n : \z\ < 1 and a — e < -—— 1 < a 


12 — 


Then 

where c njk is independent of a. 


| <Sa,e | 5; Pn,k C, 


Proof of Proposition 13.2.11 


Let rrij denote the Lebesgue measure in ML Write 


where 


S«, e = S+ U5- 


S± e = <| z G M n : \z\ < 1 and a — e < ±-——- < a . 


Let z + = (z \,.., Zk), z = (zk+ 1 , z n ). By Pubini’s theorem 


m r 


i s a,e) = m k (■ S+ e (z )) dm n _ k (z ) , 


where 


S+ e (z~) = {z+GR fc : {z+,z~)€S+ e } 


= <J G : |z + | 2 + |z"| 2 < 1, a — e < 


\z + \ 2 - \z~\ 2 


\z+\ 2 + \z ~ 12 


< < 


By straightforward calculation, 


|z+| 2 - |z“| 2 
\z+ 1 2 + I z~\ 2 


G [a — e, a\ 


Iz+I 2 G 


l + (a-e) 2 1 + Q- I—I2 


1 - (a - e) 


’ 1 — a 


Let 


Then 




m = 


(l-t) 2 ’ 

so sup[ 0)1 / 2 ] | = 8. By the fundamental theorem of calculus, 

1 T (a — c) 1 Pa 


so 


Also, 


1 — (a — e) 1 — a 

1 + (a — e) l + o 
1 — (a — e) ~ l — a 


< 8e, 


- 8e. 


l + o 
1 — a 


— 8e = 


> 


1 — a 


1 + 0 'l - 8E- 1 “ ° 


1 + 0 


l + o l „ 1 — a\ /1 + a . 

1 - 8e-- 1 > \ j- -(1 - 8e). 


1 — a 


l + o 


1 — a 
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It follows that 


s£ e (z ) C lz + G 




and hence 


Therefore, 


/ 1 _L \ ^/2 

(Sj<(0) < <* (y^j) l*T« < <*3 */ 2 |z 

m k {SXe( z ~)) dm n _ k (z~) 


m k 


e. 


™-n(S+) = / 

Jlz-I<l 

< c k e \z~\ k dm n - k {z~) < Cn yk e. 

J\z-\<\ 

Replacing k by n — k in the above argument for £+ e , one gets 

m n (S ~ e ) < c n , fc e. 

This proves Proposition 13.2. R 


Claim 3.2.3 : Let m 2 G {1, 2,.., 2^ 2 1 }. Then 

\S m2 \ < c 2^ n ~ 1 ' )l2+nk . 

Proof of claim FT 2 . 31 This follows by Proposition 13.2. R and homogeneity. 
Claim 3.2.4 ; Suppose I 2 > h + 11, x G Rz i; z G j4/ 2 . 10 < m 2 < 2 iz , 

and 

djk (P(x, A h £)-,x, £) a jk (P(z, A h £); z, £) ^ 0. 
T/ien |(z — x) • ^| > cm22 fc |£|. 


Proof of claim 13.2.41 The identity 


and Pythagoras’ theorem give 


z = ^4^A h £ + P(z,A h 0 


lei 


l£ • A h z\ = \z ■ A h £ I = Hiei W1 - jP( |’^ fe0 


> |z||£| (l - 2~ 2l2 ~ 20 





















Also 


£ = ^ + A h z), (3.18) 

\z\ 

\P(d, A h z) | 2 = |£| 2 - < |£| 2 - |£| 2 (l - 2-^~ 2 °y < |£| 2 2- % - 19 . 

Using again CM 

z ■ £ = \z\~ 2 (£ • 42 ) {A h z ■ z) + z ■ P (£, Az), 

and therefore 

|z-£| > kll£l (l- 2 - 2 * 2 - 20 ) (m 2 -l) 2 - /2 - |z||£| 2 - /2 - 9 

> 2 fc+10 |£| (l - 2~ 2h ~ 2 y (m 2 - 1) - 2 fc+2 |£| > 2 fc+9 |£|?n 2 . 

Another application of (13.181) gives 

A£ • £ = kl" 2 (£ • A h z) {A h i ■ A h z) + A h Z-P (£, Az). 

Here A ^£ ■ A^z = £ • z, so 

|A£-£| > k|- 2 k||£| (l - 2- 2 ' 2 " 20 ) 2 fc+9 |£|m 2 - |£| 2 2-' 2 " 9 

> |£| 2 (l - 2“ 2Z2_2 °) 2 ~ h ~ 2 m 2 - |£| 2 2”* 2 " 9 > 2 _ * 2_3 m 2 |£| 2 . 

Finally, 

{z-x)-S= {Z ~ ^ (A h a ■ £) + £ ■ P {Z, A h i) - £ • P (X, A h £). 

Here 

I (z ~ x ) • A h £| > |z • A h £| - |x||£| > kll£| ( x - 2" 2/2 ' 20 ) - |x||£| > ^|z||£|, 
so 

Ik - *) ■ £1 > ^k||£|m 2 2- /2 - 3 - 2 fc+1 |£| > m 2 2 fc+6 |£| - 2 fc+1 |£| > m 2 2 fe+5 |£|. 

This proves claim 13.2.41 


Claim 3.2.5 : Suppose h> h + H, 10 < m 2 < 2 l2 and 


1Al£_A> (^2-1)2-'=. 

zr 


Then 


\K h i 2 (x,z)\ < cm 2 2 2 (n 2)j 2fc (n 1);2 max||(£- V$) N a jk \\ 2 Loo , Vx 


Proof of claim 1.3, 2 . 51 For x G A; x and 2 ; G A[ 2 (otherwise /\/p 2 (x, 2 ) =0), it follows from claim ITT1 
and parts (ii) and (iii) of Proposition 13.1.31 that 

t 


\K h i 2 (x,z)\ = 


!■ 




1 


:£-V ? 


l \*(x — z) ■ £ 

a jk (P{x, A h £);x, £) d jk (P(z, A h £); 2 , £) x 2 (l£l)<^ 2 (<S2 -J ‘ -1 |£|)] d£ 

< cm -2 2 (n-2)t-2 fc -(n-l) i2 || ( £ . V? )' N a jk || 2 „ , 
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since the integrand is 0 for £ not in the cone with angle 2 12 9 (see the proof of claim £>"2.ID . This 
proves claim HTTol 

With these results ||\l// 1 \l/* 2 'u|| 2 can be estimated in the remaining case. 

Case 2 : Z 2 > l\ + 11. 


I'M* 





2 


K il i 2 (x,z)u(z)dz 


dx. 


Writing 


and then 


where 



'M* 2 H| L 2 < ll(/i+/ 2 +/ 3 ), 


mi ■IS'mj \d J 

I * = '52 [ (/ l^i 1 i 2 (® J «M z )l da: ] 

mi m2 = l W S , m 2 / 

2^2“ 1 

T 3 = J2 , / |A"/ lZ2 (x,^)u(^)|dz 

mi "'Smj m2 = 10^ 5 '" l 2 


2 

dx, 


dx. 


Using claims IH. 2.1 1 and IT 2.5 1 wit h m 2 = 2* 2 1 (integration by parts), 


IAI 


< 


< 


^nk+li 2 71 ^+ n ^2 — (^ — 1)^1 2^(^—2)j—4fc—2^2 —l)—4^2 . 


max 

Af<2 


(£-v € )%- fc 



mi 


^2^{n—2)j 2^(211—4) 2 ( 2 —n)ii 2(—2—n)i 2 




2 

L 2 


max ||(e - V e )%- fc ||^ 


m 


2 

L 2 ' 


Using claims 13.2.21 and 13.2.31 (size) 

|/ 2 | < c 2^U 1 2nfe+(n- 1 )/ 22 2n j -2/ 2 (n-l)|| a . fe ||4 oo ^|| X5 ^ u 

mi 

< c2 2n ( k+ ih ll -^ n -V \\a jk \\ 4 LOO \\u\\ 2 l2 . 


2 

L 2 
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Using claim 13.2.31 (size) and CEZ51 with m 2 E {10,11, ...2 Z2 1 } (integration by parts), and the 
Cauchy-Schwarz inequality on the sum in m 2 , 


\h\ 


< 


< 


c 2 nk+h 


E 


k 7712 — 10 



2 ‘ 2 ~ 


Y ml2 nk+l ^ n ~^m 

1 7712=10 


-4 

2 


2 2< "-2«-"- 2fc ,"-i) max || (f • V £ )'V||U E I**,, 

mi 

c2 2(n-2)j 2 fc(2n-4) 2 i 1 -i a (n-l) ||(f • \/ ( ) N a jk \\Y \\u 


U 


2 

L 2 


|| 2 

IIl 2 - 


Combining the above estimates for I\,l 2 and I 3 , one obtains for l\ + 11 < I 2 


\^ h ^ 2 \\ L2 < c 2 n(fc+j) max 




N<2 


\L°° 


2^ 1 ~ h)/^2~ ^ 2l iw 


(3.19) 


By 5 is valid foi all l\ ^ ^ 2 * -Notice that from imn and we conclude that the 

estimates are much better for n > 2 than for n = 2. In fact it is just in dimension n = 2 where 
Cotlar-Stein lemma is necessary. 


Taking y(Z) = 2 i//4 it follows from Cotlar-Stein lemma that Y] T/it converges in L 2 for any 

1=0 

OO 

u E S(R n ). As it was previously noted, Y] ^ l u converges to (1 — XB 2k+10 )^jkU in the distribution 
sense, so 


1=0 


1 XS 2 fc+io 

Combining with (EDI) 


^ jk u 


< c 2 "(fc+j )/2 max 
L 2 iV<2 


(£-Vt) N a jk \\u\\ L 2, VuE S(M n ). 

L°° 


< C 2 n ( fc +J )/ 2 max (£ • V^)^ aj k 


L°° 


|U|| L 2. 


Finally, one can use the following fact which is easily verified using standard Fourier transform 
arguments. 


Lemma 3.2.1 For any N±, IV 2 E N there exists IV 3 E N suc/i that 

2 Nl{j+k) || (f • V^ ajk \\ LOO < c Nl max (s) k ^ • 

fcH-|o;|<Ar 3 


L°° 


Using Lemma 13.2.11 with N\> n/2 + 1 one obtains 


r 2 < max 
x fc+|a|<iVi ; N<2 


<«>*(£-v € )f 0 ?a 


MIl 2 > 


where II was dehned in EH, and the proof of Theorem 13.2. II is completed. 


41 
































3.3 Composition results 


First a few facts concerning oscillatory integrals will be listed. For details and further results, see 
05) . section 1.6. 


Definition 3.3.1 Letm 6 K, r > 0. Then A™ is the class of functions </> E C°°(ljXM^) satisfying 


d^cf(y,0 


< c a MO m (y) T - 


The class A of amplitude functions is defined by 


A= u u K- 

mGMr>0 


Definition 3.3.2 Let a E A. Then 

= l [va 0 J j e ~ w<a (y^)x^yAf)dydf, 

if X £ §> ^R” x R^ and x(0, 0) = 1. 


CL 




a{y,f)dydf 


The oscillatory integral in Definition 13.3.21 is well-defined because of the following lemma which 
allows one to integrate by parts and use Lebesgue’s dominated convergence theorem. 


Lemma 3.3.1 Let x E S (R™) with x(0) = 1. Then 

(i) x(ey) —> 1 in R n uniformly on compact sets, 

( ii ) dy [x{ey)\ —> 0 in ML uniformly for a E N n — {0}, 

(in) Vo E N" 3c a > 0 s.t. 

\dy [x(ey)]\ < c a e a (yY~\ a \, My E R n , 0 < er < |a|, 0 < e < 1. 


Theorem 3.3.1 Let a(s; x, £) E S(R n ; ,S™ 0 ), a E N n and f E S(R n ). Suppose N > m+ |a|, N E N. 


Let 

ci(®,0= X] m i( l O a ] d x b h(x,0, 

\p\<n p ' 

(3.20) 

and 

^ 7-1/31 0 



c 2 (®,0- m 

W<N P ' 

(3.21) 

Let 

Ex = odfA hk - T C1 , 

(3.22) 

and 

E'2 = - t C2 . 

(3.23) 
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Then there exist N\ E N and c > 0 such that for any u E S(M n ) and for j = 1,2 


I E j ii 11 r 2 < c max 

|«|+|/3|<iVi 


X 




L°° 


max 

171 +72 + 73+741 < Ni 


s 74^)_ m+ |73|^l^ 2 ^3 a 


(3.24) 


L°° 


M| L 2. 


Proof of Theorem 13.3.11 

For simplicity of the exposition we shall drop all the powers of 27r which appear in the definition 
of the operators ’Ff,. 

Let u E S(M n ). Then 

Eiu(x) = <f>{x)d°! J e iX< b h (x,£,)u(£,)d(, 

- <j>(x) [ e lx< Y l -^r d ^[( i O a ]d^b h (x,OHO d ^ 


m<N 


Notice that 


and that if (3 < a 


d° 


/3<a 


e il( hk(x,0\ =£( “ ) 


i‘ W xf> 


*1°-^ a\ 


p\ ^ [(*£)“] /3! («-/3)! s * V (3 

Em(x) = 4>{x) J e lx< Y ( ^ ^ dPbh{x,ff)u{£)d£. 


£a-f3 _ j\a-P\ I a 1 ta-0 


t a - P , 


then 


N<\/3\,p<a 


If m > 0, then E\ = 0. 

If m < 0, N < |/?|, and (3 < a, then 

(j){x)^ P d^b h {x^) E S? i0 . 

Hence, there exists c > 0 and N\ E N such that CEZ3> holds for j = 1 . 

Let us go back to E 2 . We shall assume that f E Co°(M n ) and vanish outside Br( 0). Then we shall 
obtain bounds of the form of powers of R. Thus by introducing a partition of unity with respect 
to dyadic x-annuli and summing the corresponding operators one obtains the case f E S(M n ). 

Write 

E 2 u{x) = (l- X {^R)- 1 \x\))E 2 u(x) + x{(‘2Ry 1 \x\)E 2 u(x) = I + II. 


43 

















To estimate / it suffices to consider classical symbols. Indeed, integrating by parts with respect to 
y in the second term 


I = 


(i —x((2 R) Vl))- 0 * JJ(e< x yH b h (x,OHy) d y u (y) 

e ,( x ~ vH Y -^ d t h ^ x ’0dx^ x )dyu{y))dyd£. 


\P\<n 


By Taylor’s formula 

4>(y) = Y -^ d xH x )(y ~ X ) P 


\/3\<N 


+ 


N Y + (i-%)(i - 8) n x d0. 

\8\=N A J ° 


Using 


(y - xfe dx ~ yH = i lfS \d? 


A x ~vH 


and integrating by parts with respect to £ in the first term of / in III.251 

I = Nil-x^R)- 1 ^])) J\ S J Je^^Y 


i |=N 


• d$<t> { 6 y + (1 - 0)x) (1 - 9) N 1 dyU(y)dyd^d9. 


(3.25) 


For each 6 E [0,1], the multiple symbol 

iV(l- X ((2i?)- 1 |x|)) ^-ftr d t bh (x,£)d!*<j>{6y+(l-0)x)( 1 — 6>) JV ~ 1 , 

\8\=N P ‘ 

is in S™q N uniformly in 9. Since m — N + \a\ <0, there exist c > 0 and N\ E N such that (HEMP 
holds with Eju replaced by I. 


In II, note that x((2i?) 1 \x\)dx4>{x) = 0, so that 


II 


(-i) w x((2 i?)- 1 N). 

0 S f f e dx ~ yH Y ( 0 ) (~ i ^ b h(x,Ody^</>(yMy)dyd^, 
■J J p< a \ P / 


by integration by parts with respect to y. Therefore, it suffices to consider the pseudo-differential 
operator T jj given by 


^nu{x) = x ((2-R) 1 k|) • 

• Os J J e^ x ~ y)< ^a(P{x,A h Q]x,C)x{\£\)<l>{y)u{y)dydt,, 


for (3 < a. Choose Me N such that 2 M — m — \a\ > n + 1. Integrating by parts with respect to £ 
and using \x — y\ > \x\/2 > R > 0, 

^iiu(x) = x ((2i?) _1 |x|) 

Ax ~ vH ( ~ 1)A/ Af k d a (P(x, A h 0;x, £) x(|£|)l cj>{y)u{y)dyd^ (3 ' 26) 


\ x - y I 


2 M 
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where the integral converges absolutely. Indeed, 


. M 


(P(x, Ah£);x, £)x(|£|)l < c{x) 2M (£) 71 1 max (£) m+l 


Therefore, letting 


one has 


— max 
1 ' | 7 1+72|<2 M 


| 7 i+72|<2M 

(£) - m+ l 72 1 d ] 1 d ] 2 a 


L°° 


\^nu{x)\ < cR n/:> \\(j)\\L°°\a\(2M)\\u\\L 2 - 
Define x_R(|a;|) = x i\ x \/R)- Then by Cauchy-Schwarz 

11(1 - Xc 0 r)^iiu \\ L 2 < cR n \\(l)\\ L °°\a\( 2 M)\\u\\L2, 
where the constant Co will be fixed below (see HHD- Now we turn to the estimate of 

\\XcoR^ii u \\l 2 - 


We shall use that 


1 


\x -y | 


2 M 


\x \ 2 — 2 (x ■ y) + |y| 2 | M 

1 1 


12 M 


1 _ 9 I ^ • JL ) + Ml 
1 \x\) + W 


M 


12 M 


( 2 n+ 2 ) M -l 

3 = 1 


-1 


where Pj, Qj are monomials of degree no bigger than 2 Ad with degQj 7 ^ 0 for j = 1,2,..., 
2 ) a/ — 1 . Since |x| > cqR and \y\ < R it follows that 


Pi ( A 


so 


— a ji 


P, 


We take 


Qj 

(n) 


\mJ 

x \ 

Qj (7 

M 

M/ 

VI 

max 

{\djbj 


< b o 


4M1 


degQj 


< 


- 3 1 'x\J - c 0 de ^Qj ’ 

djbj 


< 


Of 


Co > 2 (2n + 2 ) m max { \ aj bj | : j = 1,.., (2n + 2) M - l} 


(3.27) 


(3.28) 


(2ra + 


(3.29) 
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and rewrite (EHS1) as 


1 1 



1 

12 M 


1 

12 M 



(3.30) 


We observe that \x\ deg ® j iQj i 



depends just on y and if \y\ < R then 




< b ji R degQ ii. 


So returning to the estimate dUl) and using the argument in it follows 

WXcoR'&IluWtf = 


oo (2n+2) M — 1 k 

xc 0 rJ2 y ik-d 

k =0 ji-jk =1 i=l 


P I JL 

m ji VM, 


\x 


|degQj. 


A x ~yX. 


1 


12 


M 


v)x(lfl)) Qii ('o') |x| degQ ^(y)u(y)dyd£ 


I, 2 


Using that 


H x >€) = Xcor(\ x \)-tt2 m-(^ / 3 a(P(x,A h ^)-x, 0 x 


is a symbol which falls under the scope of Theorem 13.2.II -see Eernark 13. 1.1 f ed, it follows that 

J e lx< b(x,^(J e~ iy '^Q ji (y)(j)(y)u(y)dy S j 
e~ iy< Qji(y)4>{y)u(y)dy 


Also 


LI 


< c 


< c 6 il i? deg ^|| w || L2 . 


oo (2n+2) M -l k 

xc 0 r^z y ik-d 

k=0 ji--jk=l *=1 


P I — 

m ji \>L 


,|deg Qj. 


L? 


oo (2n+2)^ —1 k 

< V V TT_^_ 

~ in ■ ■ i 1 1 (c 0 J R) deg<? « 

fc=0 ji..jfe=l *=1 v u ' 
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Combining the last two estimates we conclude that 


\\Xc 0 r^iiu\\ L 2 

oo ( 2 n+ 2 ) M —1 k , ndesO ^ v"" ' *v , 

V TT ajjbjjR 3 » || || < \ IT a 3i h ii 

— Z-^/ Z—/ 11 mdegQi, H ^ — Z-/ Z-/ 11 


oo ( 2 n+ 2 ) M -l k 


k =0 ii..jfc=l i=l v '' u " v k =0 ji..j'fc=l i=l C ° 


r,i M 

k 


deg Qj, 


MIl 2 


oo /( 2 n+ 2 ) M -l 


CO 


ii 1 ii ii n i 

“IIl* < 2^ ^IMU 2 - C IM 


fc=o y j=i 

and the proof of Theorem 13.3. II is completed. 


k =o 


L 2 


Theorem 3.3.2 Let a E S(M n : S™ 0 ) and let bh be defined as id.!A) . N E N, N > m. Let 


-|“j 


c(®, 0 = X] - ~ d x d t hh i X ^) 


|a|<iV 


and E = — ^ c . Let cf> E S(M n ). TTien t/iere exists N\ = Ni(n) E N such that for u E S(R n ) 


UEu \\ L 2 < c max \\{x) Nl d^(f)\\ LO 
iPlSNl 


max 

/?4 + 1 / 3 i +/?2 H-fe | < A^i 


^}/3 4 ^>-m+|/3 3 |^ i ^ 2 ^ 3 a 


L°° 


FIIl 2 


(3.31) 


Proof of Theorem 13.3.21 

We shall prove the Theorem for <f E C“(M n ) with support in Br( 0). Introducing a partition of 
unity and summing the corresponding terms we get the desired result. 


Thus, 


H“l 


(f>(x)Eu(x) = O s e l ( x y)< (t>{x){b h {y,C> - ^ —p df b h (x,f)}u(y)d/ydfi 

J J |a|<JV 

= o S J Je^-yHfi(x)(l-xmr\ 

i>h{y,£)~ Y1 —r d x d ^ h (x,f)^u{y)dydf 

M<jv a ' 

+ 0 sJ y‘ e ^K0(x)x((2i?)- 1 |y|) 

h(y,£)~ —T d xd^b h (x,f)\u{y)dydf 


|a|<iV 


a! 


= I+ 11. 
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First consider I. By a Taylor expansion of order N, 


h(y,£) = E “T (v ~ X )° d x b h.{x,0 

ot\ 

\a\<N 

yy r 1 

+ X] / (! - 0 ) N ~ 1 d^b h {0y + (1 - 0 )x,()d8. 

Since (y — x) a e^ x ~ y I^ = i\ a e®( x_2/ )'^, integration by parts with respect to £ gives 

I = 0, J1 e^-^Uix) (1 - x ((2 J R)- 1 |y|)) JVr* 

E A / (l-^- 1 5 “^(% + (l- 0 )x,OdM 2 /)«- 

|aN* “ 7 ° 


Because of the compact support in x and y, the multiple symbol 

0(x)(l- X ((2i?)- 1 |y|))iVr Ar E + 

|ct|=iV 

is in S™q N C Si 0 uniformly in 0, so an estimate of the type (ESJ) holds with (j>Eu replaced by I. A 
factor (R) n appears due to the differentiation with respect to £ of the quantity 
P(6y + (l-d)x,A h £). 

Next we consider II. Choose M £ N such that m — 2M < —n — 1. If 

^(x)x(( 2 i?)- 1 |y|) / 0 , 
then \x — y\ > R so by integration by parts with respect to £ 

II = 11 e^ ^(x)x((2^)- 1 |y|) Af b h (y,Z)u(y)dydt 

- // e iM ^(x)x((2 J R)- 1 |y|)^^ J - 

E ^d“Af^(x,£My)dyd£, 

|a|<JV 

where the integrals converge absolutely by the choice on M. The multiple symbol in the second 
term above is in S™q 2AI C S® 0 because of the factor <f>(x), so the corresponding pseudo-differential 
operator is L 2 -bounded as in (EHTT1) . 

Therefore, it remains to show the L 2 -boundedness of the operator 

*nu{x)=j I e^'^(x)x(( 2 J R)- 1 |y|) 

(~1) M 

A| 7 [a ( P(y , A h £); y, £) x(|£|)] u(y)dyd £. 
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But &11 is the adjoint of the operator 'f’jj defined in dsmn) in the proof of Theorem 13.3.11 (with 
(3 = 0 and (f> replaced by (f>). Since T// was there proved to be bounded in L 2 , so is T//, and the 
operator norms are equal. 

This proves Theorem 13.3.21 


Theorem 3.3.3 Let a± £ 8 : •S'To); «2 S § : •S'To)? anc ^ ^ bi,b 2 be the corresponding 

symbols given in hd.fA) . Definition ETUI with A = Ah. Suppose N £ N, N > m\ + m 2 and let 

c(z,0= X! ~~r d t [ b i( x ^) d xb2(x,0] ■ 

|a|<JV 


Let 1 j> £ S(M n ). Then there exist c = c(N) and N\ £ N such that for any u £ S(M ra ) 

(x) Nl d^ 


\\(f>(if? bl if>l 2 -if c )u\\ L2 < max 


max 

0A H"1 01 +P2 +P3 1 < Ni 
max 

(3a + 1 Pi +132+03 1 < Ni 


{s) ( 3 i ( 0 ~ rn 2 +m d^ 1 d^d^a 2 


L°° 


(3.32) 


\U\\ L 2. 


Proof of Theorem 13.3.31 


As in the proof of Theorem 13.3.21 we shall assume that <j) £ Cq°(M”) with support in Br{ 0). 
Introducing a partition of unity and summing the corresponding terms we get the desired result. 


We have, 

^(^ 61^62 “ ^c)u(x) = O s J J e^ x ~ yH (f>{x) [bi(x,^)b 2 (y,0 - c(z,£)] u(y)dyd£ 

= ®s JJ e^ x ~ yH cf)(x) (l - x(( 2 .R) - 1 |y|)) [bi(x,£)b 2 (y,0 - c(®,£)] u(y)dyd£, 

+ 0 S J J e^ x ~ y)< 4>{x)x (( 2 i?) _ 1 |y|) [bi{x,£)b 2 (y, £) -c(x,£)] u(y)dyd£ 

= I+ 11 . 


First we consider I. By a Taylor expansion of order N, 

b2(y,0 = Y —^y- x T d x h 2(s,0 

L ' Qt\ 

\a\<N 

at r? 

+ (l-9)"- 1 ^lp 2 (9 ! , + (l-9)i,e)c». 

|«NV Jo 


Since (y — x) a e l ^ x y ^ = i df e 1 ^ y ^integration by parts with respect to If gives 


I = 


J je^-vH^x) (1 - x ((2 J R)- 1 |y|)) 


Y fffi H / 1 df?[b 1 (x,t)dxb 2 (dy + (l-6)x,£)]d9u(y)dydf. 


\a\=N 
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Because of the compact support in x and y, the multiple symbol 


<X*)(l-x((2ir 1 |y|)) E ^i- ]al d?[bi(x,Z)d2b 2 (0y + (l-9)x,O] 

|a|=JV 

is in g^+ m ^- N c with seminorms uniformly bounded in 6 G [0,1], so the estimate (13.3211 
holds with the left hand side replaced by ||/||^ 2 . A factor ( R) Nl appears from differentiation with 
respect to £ of the quantity P ( 9y + (1 — 9)x, A/,£), 6 G [0,1]. 

Next consider II. Note that if <f>(x)x ((2i?) _ 1 |y|) 7 ^ 0, then \x — y\ > R. Therefore, choosing M G N 
such that mi + m 2 — 2 M < —n — 1 and integrating by parts with respect to £ 

(_ pM 

\y\) |—|W A f 0 ^ 2 (y,£)] u(y)dyd£ 

Vi (3.33) 

M) | a E y>2M A ¥ c ( x ’O u (y)dyd£, 


The multiple symbol in the second term in (13.TIP is in S 1 q 1 C S® 0 , so an estimate of the tvpc (l3.32l) 
holds. 

The adjoint of the operator corresponding to the first term in has multiple symbol 

( _i \M 

Mx ((2R) _1 M) | x_ y \2M ^f pi(y,0^(x,£)]. 

Replacing ^ by (f> and bi(y, £) by £ /3 one obtains a symbol similar to that of the operator T jj in 
(13.2611 in the proof of Theorem 13.3. II so we just need to sketch the proof. 


11 = J J e^-y^toxipR)- 1 

- j /^( l)x ((2H)-> 

where the integrals converge absolutely. 


Thus, we define 

Ttt(x) 


e^-y>^(y)x{( 2i?)- 1 kl) 

(_1)M 


k - y | 


2 M 


E 


c 7l72 dfbi{y,C)dfb 2 {x^) ) u(y)dyd£. 


, |7l| + l72|=2M 


Next consider <f> G Cg 0 
define 


which vanishes outside the ball of radius 3ii/2 and such that (jxj) 

K(y^O = Hym M ~ mi d'l 1 h(y^), 


and 

K(x,0 = x{( 2 R)- 1 \x\) \x\- 2M (0 mi ~ M d^b 2 (x,0. 


(j). Then 


Using the notation introduced in the proof of Theorem 13.3.II see (I3.28M3.30II . we have 


1 

x — y\ 2M 


1 

\2M 


oo (2n+2) M -l k 

e e n p =. 


fc=0 ji..jfc=l i=1 
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Hence as in CSEHmi) we can reduce ourselves to study ||x((co-R) 1 |x|)^'ri || L 2 for co large enough. 
Then we have 


||x((co#) 1 \x\)'S?u \\ l2 

oo (2n+2) M -l 

s«E e e 

k=0 ji~jk=l |7i|+l72|=2M 


x{(c 0 R) 1 \x\)\\ p ji ( t-7 


i— 1 


1 


M de g Qj i 


e %{x v)< (t>{y)Qj i (y)& 7l (y, O&72 Og Qu(y)dyd£ 


LI 


Then from Remark E3.11 Ihl 


e 1 ^ vH <j>(y)Q ji (y)& 71 (y, O&72 Og O u (y)dyd £ 
f e ix <b 12 (x^) (f F(y,Ody) ^ 




< 


^(y,£) dy 


L l 


with 

Now observe that if 

then 

Hence a G §J 0 and therefore 


F(y,£) = e~ lv< (j)(y)Q ji {y)b 11 (y,$,)u(y). 
a(z,y) = 6 71 (rj,z), 
dzd^ a (z, rj) 


< Ca ^ pM+lffl 
- (y)l/5| 


F(y,C)dy 


< cR desQ L +N \\u \\ L 2 


for some large N which just depends on the dimension. 


Gathering the above information with the argument used in the proof of Theorem ITT II one com¬ 
pletes the proof. 
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4 THE BICHARACTERISTIC FLOW 


In this section we study the bicharacteristic flows associated to the second order ultrahyperbolic 
variable coefficient operator H(x) and its truncated version H R (x), see Km - Km below. As¬ 
suming a non-trapping condition (basic assumption) for the flow generated by £(x) we prove in 
subsection rm that the bicharacteristic flow is “uniformly non-trapping” with respect to the pa¬ 
rameter R. The analysis of the flow is moredelicate when the trajectory is not outgoing 1 , -see 
Theorem 14.1 . II below. In that case we prove that outside a bounded ball (the same for all R large 
enough) it behaves in the x variable as the free flow, but just in dyadic annuli - see Theorem 14.1 .1 f 
v) for a precise statement. On the other hand in the outgoing case, the trajectories are in fact 
perturbations of the free ones, as is proved by Craig, Kappeler, and Strauss in [3] whose arguments 
we follow. The end of subsection rm is devoted to prove that the non-trapping condition is stable 
under small perturbation in the coefficients. 

In subsection rm we deduce several estimates for the continuous dependence upon the initial data 
of the flows associated to the operators £j R (x) (with respect the parameter R). The arguments in 
jl] are again very helpful. The estimates in subsections 14.1 l aud 14.21 will be used in the next section 
to deduce several properties of the integrating factor K R . 

One of the main differences of the flow in the non-elliptic setting with respect to the elliptic one 
studied in Section [21 is that the Hamiltonian in the elliptic case 

h 2 {x,i) = ^2 a jk(x)t;k£j 

j,k 

is preserved under the flow. So ellipticity gives the a priori estimate -see (12.151) in Section 0] 

|£o| 2 < |S(s;zo,£o)| 2 - 1,2 l£o| 2 ■ 

In particular, one has that the bicharacteristic flow is globally defined. This is also true in the ultra- 
hyperbolic case under the ’’asymptotic flatness” assumption, but does not follow immediately. 


4.1 Uniformly non-trapping flows 


Let 


<C(x) — d Xj ajk(x)d Xk , 


where A(x) = (ajk(x)) is a real, symmetric, and non-degenerated matrix, i.e. 


3 > 0 VUK n z^ 1 ^ < |A(x)£| < i/|f |. 


( 4 . 1 ) 


We will assume that there exists a constant coefficient operator 


r 0 „0 pji 

KJ Uj jk u XjX k i 


( 4 . 2 ) 


1 Using the homogeneity property cna in Section [21 it is enough to consider the flow for s > 0 and |£| = 1. 
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with 


a jk (x) - aj k E S(R n ), j, k = 1, n. 


(4.3) 


After a change of variable we can assume, without loss of generality, that 

Ikxk 0 


A-h — i a °ik) — 


0 —I(n- 


(n—k)x(n—k) 


(4.4) 


We shall use the notation £ = Ah£. The bicharacteristic flow is defined by 


—Xj(s-x o,£ 0 ) = 2 (A(s;x 0 ,£o)) H fc (s; x 0 , £o), 


fe=i 


^Ej(s\x o,£ 0 ) = ~^2 (^(s;xo,£o))S fc (s;x 0 ,£o)E:;(s;xo,£o) 

k,l=l 


(4.5) 


„ (-T(0;xo,£o),S(0;xo,£o)) = (^o,£o)- 


From the classical result of ode’s we know that the bicharacteristic flow exists in the time interval 
s E (S,5) with 5 = 5{x o,£o), and 5(-) depending continuously on (xo,£o)- 

By homogeneity of the symbol of £j(x) (see (12.151) in Section n for any t £ R one has that 
X(s;, x, t£) = X(ts ; x, £), S(s; x, i£) = tE(ts : x, £). 


BASIC ASSUMPTION We shall assume that L(x) is non-trapping, i.e. for each (xo,£o) S M n x 
(M n — {0}) and for each [i > 0 there exists so with 0 < so < <5 such that 2 

|^(so;^o,£o)| > V- 


Our first result is the following. 


Proposition 4.1.1 


|X(s; x Q , £ 0 )| 2 = 4(X(s; x 0 , £ 0 ); A(X(s; x 0 , £o))S(s; x 0 , £ 0 )) (4.6) 

2 Using the homogeneity property of the hamiltonian flow together with the methods given below in Theorem lfl.l.ll 
and simple compactness and connectivity arguments, one can show that the seemingly weaker assumption that there 
exists so € (—<5, 5) such that 

|A'(s 0 ;x 0 ,£o)| > A* 

implies our basic assumption. 
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and 


d 2 

^2 l^(s;x 0 ,£o)| 2 = 8|^4(X (s;x 0 ,^o))S(s;x 0 ,?o)| 2 

+8 (X (s; x 0 , to ); VA (X(s; x 0 ,to)) A (X(s; x 0 ,to)) S(s; x 0 , £o)^(s; x 0 , £ 0 )> 
-4 (X(s; x 0 , to); A (X(s; x 0 , to)) VA (X(s; x 0 , to)) S(s; x 0 , £o)^(s; x 0 , £ 0 )} • 

The proof of Proposition 14.1.H follows directly from (TOli . 


Lemma 4.1.1 There exists M > 0 which depends only on a finite number of ^(W 1 )-seminorms of 
A(x) — Ah and on u in such that if |X(s; xq, £o)| > M, then 


^2 l^(s;^o,^o)| 2 > 4 \A (X(s; xo,to)) S(s; xq, £o )| 2 > 0. 


(4.8) 


The proof of Lemma 14.1.11 follows bv combining; (14.71) with GU and 031. 


Lemma 4.1.2 For any M > M, M as in Lemma \4-l.l\ there exist s^, b, b, and c\ depending 
only on M and A, such that for |xo| < M, and 1/2 < |£o| < 7/4; 

(i) Sm G (0,c5(x 0 ,£o)); 

(ii) 

|X(s;x 0 ,^o)| 2 

(in) 

^2 l^(s;®o,6)| 2 

(iv) for all s with |s| < s^, 

0 < cf 1 < |S(s; xq, £o)| < ci < Too; 

(v) for s G (sm, 5) , (ii) holds. 


> b > 0; 

S = S 


> b > 0 ; 


Proof of Lemma \T~T~2\ 

For convenience we introduce the notation 

N(s-x 0 ,f 0 ) = |X(s;x 0 ,?o)| 2 ■ (4.9) 
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Because of the homogeneity property of the flow we can assume s > 0 and so > 0. We fix 
0 eO)£o) erx (R n — { 0 }), and let 


Mi = max{M; |xo|}, 

where M is as in Lemma Id. 1.1 1 By the non-trapping assumption 

3s = s(x 0 ,£o) s.t. iV(s;x 0 ,£o) > (M 1 + l) 2 . 

Also iV(0;xo,£o) = |xo | 2 < M 2 . Define 

si = sup {s G [0, s] : AT(s;x 0 ,£o) < Adf} . 

Thus, si G [0,s), iV(si;xo,£o) = M 2 , and for s G (s 4 ,s] one has Af(s;xo,£o) > M 2 . By the mean 
value theorem there exists s 2 G (si, s) such that iV 7 ^; xo, £ 0 ) > 0. Moreover, A(s 2 ; xo, £ 0 ) > Adf > 
Ad 2 . By continuity there exists a neighborhood U of (xq. £ 0 ) such that 

N'(s 2 ;x,i) > A'(s 2 ;x 0 ,£o)/2>0, N (s 2 ; x 0 , £0) > M 2 , V(x,£) G U. (4.10) 


Claim 4.1.1 ; 


N' (s;x,£) > N'(s 2 ‘,x,£), Vs > s 2 V(x,£)gD. (4.11) 

Suppose not, so there exists S 3 > s 2 , (x',£') G U, and (3 > 0 such that 

Ar , (s 3 ;x , ,£ / ) </?< JV , (a 2 ;® , ,£'). 

Let 

s 4 = inf {s G [s 2 , s 3 ] : JV'(s; x', £') < /?} , 

then s 4 G (s 2 ,s 3 ], and A' (s 4 ; x', £') = (3. By the mean value theorem, there exists S 5 G (s 2 ,s 4 ) 
such that 

A"(s 5 ;x',£') < 0. 

But for s G [s 2 ,s 4 ), N r (s m , x', £') > (3, and so N x', > A(s 2 ;x',£') > M 2 , which contradicts 

Lemma 14.1 .11 so we have established Claim 14.1 .11 . 

Next we cover K by finitely many neighborhoods U r , r = 1,A, and let 

a= max s 2 (t/ r ), (see (14.10I) - (I4. 111) 1. 

r=l,..,N 

and 

b= min {A'(s 2 (E/ r ); x, £) : (x,£)GC/ r }. 

r=l,..,N 

From (14.101) it follows that b > 0 and from Claim lTl.il one has for s > a that 

A'(s;x,£)> 6 , V(x, £) G K. 
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Hence only (iv) remains to be proved. The upper bound follows by compactness. For the lower 
bound it suffices to see that H(s;xo>£o) / 0 for 0 < s < sq. But this is a consequence of the 
uniqueness of the fiow (TOli . 

The proof of Lemma, 14.1 ,2l is completed. 

Let 9 £ C^R"), 0 < 9{x) < 1, suppO C {x : |x| < 2} and 9(x) = 1 on {x : \x\ < 1}. For each 
1 < R < oo define 

A R {x) = e{x/R)A{x) + (l-e{x/R))A h 

= A h + 9{x/R)(A(x)-A h ) = af k (x), if R> 1, A°° = A] 

£j R (x) = -d Xj af k (x)d Xk if R > 1, L°° = £. (4.13) 

Notice that there exists R' > 1 such that for R> R' one has 

i/ _ 1 |f|/2 < |H R (x)C| < 2v\£\ and A R (x ) - A h £ S(R n ) (4.14) 

uniformly in R, so that Lemma .1 1 will apply uniformly in R > R'. 

Also 

9x,af k (x) = 0(x/R)d Xl a jk {x) + (a jk (x) - a° jk ) , j,k = 1 

so for any r > 0 there exists c r such that 

\d Xl af k {x)\ < (1+ C j x | )T , j,k=l,..,n. 

We will always consider R> R* = max{i?'; 4M; 4} with M as in Lemma 14.1.1 1 
Denote by (X R (s; xq, £q), S r (s; xq, Co)) the bicharacteristic flow associated to the operators T R . 


Theorem 4.1.1 There exist 01 , 02,03 > 0 and M\ > 0 (sufficiently large) such that for any (x,f) £ 
R n x § n_1 and R > 2M\ one has 

(i) the bicharacteristic flow 



(. X R (s ; x,f),E R (s-, x, £)) exists for any s £ R, 

(4.17) 

(ii) 

0 < of 1 < |H' R (s;x,£)| < ci, Vs £ R, 

(4.18) 

(Hi) there exists sq 

£ R such thatf 



( ^\X R (s-,x,f )\ 2 >0 and \X R (s 0 ; x, f) | > M 1 , 

(4.19) 


s=s 0 


3 Wc will say that the trajectory is outgoing at so when fTHfl holds. 


(4.15) 

(4.16) 
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(iv) define 

sq = inf |s 0 > 0 : \f.l9 J holds |, 


then 

|X r (s;x,£)| 2 > c 2 (s - s 0 ) 2 + Mf, s > s 0 , 

(4.20) 

(v) for 0 < s < so 

and k E (1, 2,..} the set 



If = {*£ [0, s 0 ] : 2 fc < |X R (s;x,0| < 2 fc+1 } , 

(4.21) 

verifies 

\lk\ < C3 2 fc . 

(4.22) 


Proof of Theorem 14.1.11 

Recall (EH), EH , and eh Then given any r > 1 we can always assume, possibly by considering 
another f with 1 < f < r, that there is M\ = 2 J , j£ N, 2' 7 ( 1-T ) < 1/4 such that if 

|X*(so;x,0| >M 1 = 2 j 

then 

-^2 |X fl (s 0 ;a:,£)| 2 > 4W 2 |H R (s 0 ;a:,C)| 2 , (4.23) 

and 


d_ 

ds 


E r (s 0 ;x,£)\ 


,-i 


< 


100|X fl (S 0 ;s,Or 




(s 0 ;®,Or 


(4.24) 


Assume as a first step that |x| < M\ and 1/2 < |£| < 7/4. Since R > M\ then I fi (s;i,() = 
X(s;x,£), S R (s;x,£) = E(s;x, £) as far as |A(s;x, £)| < R. Then from Lemma T4.1.2I there exist 
cq > 0 and sm 1 such that 


X r (smT,x, 0 \ > 


(4.25) 


c 0 1 < |H r (s;x,£)| < c Q , if 0 < s < s Ml , 


(4.26) 


and 

d 2 

— \X r (s-,x,£)\ > b > 0, if s>s M i, 

as far as |A(s;x,£| < R. 


(4.27) 


We will also use the inequalities -see EH, 


d_ 

ds 


|A r (s;x,0| 2 < 4v\X r (s-,x,£,)\ |S R (s;x,£)| 


and 


1-u; < —< l + 3u;/2, if w € (0,1/4). 
1 + w 1 — w 


(4.28) 


(4.29) 


Assume now for j E Z that 2^ +J < M < 2 J+1+J and 


d_ 

ds 


\X R (s-, x ,^)| 2 | a=0 < 0. 
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If j < 0 we have already proved parts (ii), (iii) and (v) of the theorem. Thus, consider j = 0,1, 2,.. 
From (14.241) and as long as \X R (t] x, £)| > 2- J+J for t G [0, s] one has 


Kl 


< 


l R (s-,X,Z)\ < - 7 ' 

v ) — i _ 2 -h+J)- 


l£l 


1 + 2 —t7+J)T|£|( s _ 0 )/io(h/ 

Thus, combining dHHH) and 14.1401) and if s < 2^ +J ) T 25i/, 


•|e|(s- 0 )/ 100 i/ 


If (1 -< |e“(.;*,0| < Kl (i + fir^KI^) 


So, in particular, 


hfl < |S a (»;i,f)| < t|{|. 


(4.30) 

(4.31) 

(4.32) 


as long as |A' R (t;x,£)| > 2- ?+J for t G [0, s]. 

From (TOil . (TOH 1 ) . and (TP51) we get (recall £ G § 

d 


n—l\ 


that 


— |X fl (s;x,0| >-7u2 j+J+l + 2u~ 1 s 1 
ds 


(4.33) 


as long as |X R (i;x,£)| > 2- 7+J for t G [0, s]. Then either there is S,+i, 0 < Sj+i < 7z' 2 2- ?+J+1 such 
that | A R (sj + i; x, £| < 2 J+J or for 0 < s < 7z/ 2 2 J+J+1 , |X /? (s;x,£| > 2- ?+J . In the second case and 
from (l4~33l) there exists so such that (Ei~TT)ll holds with 0 < so < 7u 2 2^ +J+1 . Therefore so exists and 
from (14.281) and (14.321) we have that |X(so; x,£)| < (7z/ 3 + l)2-i +J . Therefore (v) holds. Assume 
now the first case. Define 

Sj+i = inf { s : 0 < s < 7v 2 2 ^ +J+1 such that | X R (s; x, £)| < 2- ?+J } . 

Hence 2- ?+J < |X R (s; x, £)| < (7i ^ 3 + l)2 - 7+J+1 for 0 < s < Sj + Then from (14.31 1) we get 

lei (l - 2 ^ +J )^)) < |H fl ( ai+ 1 ;x,0| < lei (l + 20+ J )( 1 -)) . 


We repeat the process changing j by j — 1 and £ by E r (sj + i; x, £) =: £+ and taking s > Sj+i- Then 
as before either the trajectory becomes outgoing at some §o > Sj+i + 7^2- ?+J and we obtain (v), or 
there is sj such that 

\X R (sj; x, £)| < 2^ 1+J and Sj — s J+ i < 7 u 2 2^ +J , 

and 

I&I (l _ 2 0'- 1 + J )( 1 -)) < |H fi (s;x,0| < |6I (l + 2 (J - 1+J)(1 - T) ) , 

for Sj+i < s < Sj. We keep doing this until either the trajectory becomes outgoing or there are 
1 = 3,3 ~ 1, with 

\X R (si-x,^)\<2 l ^ 1+J and si - s i+ i < 7 u 2 2 l+J , 

and 

|6| (l - 2( z “ 1+J h 1 - r )) < |S R (s;x,0| < |6| (l + 2( z - 1+J h 1 - T i) . 

Here 6 = £ R (s i+1 ; x, £) and s / + 1 < s < si. 
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Assume this second possibility holds. From the condition 2 J l 1 r ) < 1/4 it follows that 


(l ± = exp ( ^ (1 ± 2 ( * +J)(1 


1=1 


d=i 


1 ~t) 


Hence, we get 


1/2 < <7/4. 


Then we can apply the first step and obtain In particular from (1051) we know that 

•so < si + sMi , and from (1051) 

Cq 1 < |H r (s 0 ;x,^)| < c 0 . 

At this point we have proved (iii). By considering the cases k + 1 < J and k + 1 > J (v) also holds 
assuming either ^ |A- r (s,x,£)| 2 | s=q < 0 or |x| < M\. Otherwise so = 0 and (v) is void. 

It remains to prove (i), (ii), and (iv) for s > sq. From (1031) we know that |X R (s,x,£)| is nonde¬ 
creasing for s > so- Assume that 

\X R (s 0 ,x,C)\>2 L+J , 
for some L = 0,1,.... Define £o = H R (so; x,£). We know that 

ruin {c 0 1/2} < |£ 0 | < max{c 0 , 7/4} . 

Following the same argument as in (TOT1) we know that (A R (s; x, £); H R (s; x, £)) is defined for 
s < so + j^2 j+l = si and from (14.241) 

|V R (so;x,£)| > 2 i+J+1 ; 

l&l (l - 2 - (i+J)T |fol/^) < < |{„| (l + 2 _(i+ ' ,)T lfol^) , 

and therefore for so < s < si 

Then we repeat the process and construct {s*,}, k = 1, 2,... such that 

= «-l + ^-2^-1 

m\ 

Hence (A r (s; x, £); E R (s; x, £)) is dehned for 0 < s < s*, and 

lA^Sfc^Ol >2 L+J+k - 

|&| (l - < |H fl (s;a;,0| < |&| (l + 2 ^ k + L+J ^ 1 ~ T ^ . 

Then reasoning as in the case s < so we get that 

1/2|&| < |S R (s;x,e)| <7/4|&|, 

for So < s < Sfc. This proves (i) and (ii). Finally (iv) follows from (i) and (14.241) . The proof of 
Theorem 14.1 .1 l is complete. 
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Lemma 4.1.3 For any i/j such that 


hK®)l<^p r > 1 

there exists c such that 

sup / if ( X R (r ; x,£)) dr < c, 

s,x,\£\ = lJo 

where the constant c depends just on r and c T . 


Proof of Lemma \4.1.3\ 


It follows from Theorem 14. 1.11 


Corollary 4.1.1 Let Aq(x) be as in \4-i\f ~ \4-4\) - Let B i(x) be an n x n real matrix with entries 
in §(M"), and define A\{x) = Aq(x) + eB\(x), where e is chosen so that for all £ G M n (2 u)~ l < 
|^i(®)£| < 2i'|£|. 

Then, there exists eo > 0, such that A\ verifies the basic assumption (i.e. A\ is non-trapping). 
Here eo depends on M\, sm i; v> B\ and on a finite number of seminorms of the difference \4-dj l- 


In order to establish Corollary 14.1 .1 1 we need the following elementary o.d.e. lemma. 


Lemma 4.1.4 Let yo(s) verify 

I - 

S ds 


Vo(s) = fo(yo(s)) for 0 < s < T 


yo( 0) = zoO). 

Let M = sup 0<s<T |yo(s)|j and suppose that f\ is given, with 


K = sup 

\y\<M 


dyh{y) 


and let eo > 0 be given. Then there exists e = e(eo,T, K), such that, if 


sup 

o <t<T 


fo(yo{t)) - h{yo(t)) 


< e, 


then there exists a unique solution y\ to 

( d 


ds 


m(s) = fi (yi(s)) for 0 < s <T 
yi(0) = z 0 (s). 


(4.34) 


Moreover 

sup \y 0 (s) - yi{s)\ < e 0 , 

0 <s<T 
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The proof is elementary and will be ommitted. 


Proof of Corolla, rv l4. 1.11 


Assume that £ G § n_1 , |x| < 2M\. By Theorem 14.1.11 there exist S 2 M 1 and cq, such that 
\X°(s 2 m 1 ; x, £| > 4Mi, and such that Cq 1 < |3°(s;x,£)| < Co for all s. Let now M = sup |(A°, S°)|, 
where the supremum is taken over all 0 < s < S2 Md |£| = 1, and |x| < 2M\. Let K now be defined 
as in Lemma f4.1.41 for the system (14.511 associated to A\. For eo to be chosen, T = S 2 m 1 ■ let e be 
as in Lemma ST1 Choose now e so small that, in the terminology of Lemma, 14.1.41 for /o, /i, 
the system (TO!) associated to Aq, Ai, (TOD) holds. Then, if eo in Lemma 14.1.41 is chosen small 
enough, we can conclude that there exists 0 < s < T such that [A 1 (s 2 m 1 ',x,^)\ > 9Mf ; (2cq) _1 < 


d 


ds 


d 2 


n {s\x^) | < 2c 0 ; — > 0; and —^ | A^s; x, £)| > 1 \Ar(X l ) 


ds 2 


-a i 


as 


long as | A 1 1 > M\. Inserting this information in the proof of Theorem 14 .1.1 1 we obtain the conclu¬ 
sions of Thoerem 14 . 1.11 for A\. 


4.2 The Continuous Dependence 

In this subsection we shall deduce estimates concerning the continuous dependence of the flow 
associated to the truncated operator L R (x) with respect to the initial value. These estimates will 
be given in Theorem 14. 2.1 l as a function of the parameter R. 

To simplify the notation we shall omit the sub-indexes denoting component or coordinates. So 
instead of 


d_ 

ds 

d_ 

ds 


Xf(s;x,£) = 2 ( xR ( s ; x ’t)) 


k=1 


Sf(s;x,£) = ~Y^ d Xj a* (X R (s; x, £)) s£(s; x, £)Sf (s; x, £), 


k,l=l 


with a R k (-) defined in mm . we shall write 


( ^f xR ( s ’ x ’& = 2aR i xR ( s 'i x iO) Z R {s;x,£), 

x, £) = -da R (A R (s-x, £)) E R (s- x, £)S R (s; x, £). 


(4.35) 


(4.36) 


Also, we shall omit the variables. 


Hence d^X R (-) = d^X R (s;x,£), dgE R (-) = d^3 R (s;x,£) satisfy the system 

d (<%A fi (-)) = 2da R ( X R {•)) (<%A R (-)) E R (•) + 2 a R ( X R {•)) (<%3 fi (-)) , 

ds &S*(0) = -d 2 a R (.A*(-)) (%^(.)) E r (.)~ r (.) 

- 20a R ( X R {•)) E R (-) (d^E R (-)) . 


(4.37) 
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We observe that d x X R (-) = d x X R (s;x,£), d x E R (-) = d x E R (s;x , £) satisfy the system obtained 
from (TTTfl) by substituting d £ by d x everywhere. 

As a final simplification c will denote in what follows a generic constant independent of R which 
can change from line to line. 

By homogeneity of the symbol of H R (x) (see (12.1611 in Section [21) for any R > 0, 

X R (s-, x, t£) = X R (ts ; x, £), E R (s; x, t£) = tE R (ts : x,£), 

and consequently 

(d x d^X R ^j (s;x,t£) = t~ W (d x d^X R ^j (■ ts;x ,£), 

(d^E R ) (s;x,tO=t 1 -W (d^E R< ) (ts; x, £). 

So we can take |£| = 1 and consider s > 0. Therefore combining (14.1811 of Theorem 14. 1.1 1 and (14.4711 
it can be deduced that 

^\d^X R (.)\ < c|0a*(X*(.))| |^(.)|+2|a«(A«(.))| |^H«(.)| , 

j- s \ d ^ R (')\ < c\d 2 a R (X R (-))\ |^(.)|+c|0a^(A«(.))| \d^E R (-)\ . 


(4.38) 

(4.39) 


From our hypothesis on the decay of da (-) and Lemma 14.1.31 we can dehne 


/(») 

9(a) 


|<%A R (s;x,£)| exp (c J \da R {X R (s-, x, £,))\ds) ~ |0 ? A fl (s; x, f)| , 
|^S R (s;x,^)| exp (c \da R (X R (s] x, £))|dsj ~ |<%S R (s; x, £)| . 


From (TQ31) it follows that 


( f'(s) < c|a fi (A fl (s;x,£))| S^s) < cg(s), 

1 g\s) < c|d 2 a%Y B (,s;x,£))| f(s) < c\d 2 a R (X R (s; -))| f(s). 


(4.40) 


(4.41) 


We observe that if \x\ > R then ( X R (s ;x,Q,z r (s-,x,£)) = ( x + 2s£, as long as \x + 2s£| > R, 
where AhS, = £. 

Case 1 


Assume \x\> R with |£| = 1. 

We shall assume that there exists a first si > 0 such that |X' R (si;x,£)| = R, otherwise 
(X R (s\x, £), E R (s; x, £)) = (x + 2 s£, £), for all s > 0. One has that si < |x| + R. 

Since for s G (0, si), 

(■ X R (s;x,£),E R (s;x ,£;)) = (x + 2s£,£), 
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then |c^X R (s; x,£)| < 2s and |c^S R (s; x, £)| < 1. The case s > s± reduces to our next step. 
Case 2 (s < sq) 


If | a; | < M\ , Mi as in Theorem inn the analysis is given in case 3. Assume Mi < |x| < R, 
1/2 < |£| < 3/2 and 


ds 


|X r (s;x,£)| 


< 0 . 


(4.42) 


s=0 


We also assume that (l4~42l) holds for s G (0, so) with so defined in Theorem 14.1.11 and therefore 
comparable in size to R because of (v) of that theorem. Otherwise we would have reached the 
outgoing situation (case 4) in an intermediate step. 


Consider the majorized system (14.4111 with data (/(0),g(0)) = (a, b), a, b > 0. 
Integrating we have 


g(s)<b + c [ S \d 2 a(X(9-x,£))\f(6)d0, 
Jo 


so 


s / rl 


f(s) < a + bs + c 


< a 


j \d 2 a{X{e- Xl O)\f(0)d6^dl 

+ bs + c [ (s-d)\d 2 a(X{d-x^))\f(9)d9. 
Jo 


Let s 2 = min {s G (0, cqR) : f(s) = 2(a + 6s)}. 

Claim |A i? (s2;x,^)| < R/2. Otherwise, by (14.431) one should have 

a + bs 2 < c f (s 2 — 9) \d 2 a(X(9-,x,£J))\ (a + b9)d9 , 

Jo 

so 

2 2T+2 1 

CS2 R^^ 2’ 

which is a contradiction for R > Rq with Rq sufficiently large. 

We repeat the argument assuming that (T021) holds in the interval (0, Sj) dehning 

Sj +1 = min {s G (. Sj,CoR ) : f{s) = 2 J (a + bs)} . 

Claim | X R (sj] x, £)| < R/ 2L Otherwise, we would have 

2 2 (t+2 ^' 

2 c (sj + i - Sj) R ( T+2 ) ^ 


(4.43) 


63 














and consequently, from (14.221) in Theorem 14.1.11 


R ^ ^ / R T+2 

C 2i ~ Sj+1 Sj ~ V 2c2(-+ 2 W ’ 

which is a contradiction if R > 10c t 2-T 

So we can repeat the argument fc-times until R ~ 2 fc , with f(sk) = 2 k (a + bsk ) ~ R(a + bR) since 
by Theorem 14. 1.1 1 (v) we have that Sk ~ R- 

Similarly, one gets that g(sfc) < R{a + bR) and jX^(sfc; x, £)| < M, with M independent of R. 
Restarting the variable s we are led to the following case. 


Case 3 


Assume x,£)| = |X(0;a;,£)| < M. 


We consider the majorized system ed> with data (ai, bi). From Theorem l4. 1.11 there exists s* > 0 
(independently of R) such that 


\X R (s*-,x,£)\ = M + 1, with — |X R (s;:c,£)| 


> 0 . 


Integrating the system ed> we find that 

f(s) < a\e cs , g(s) < b\e cs for any s £ [ 0 , s*). 
After restarting s we are reduced to the following case. 


Case 4 (outgoing, i.e. (14.201) holds and -^-|X R (s; x, £)| > 0). 

as 


Assume 


|X R (0;x,£)| = |a:| > M + 1, with — |X R (s;x,£)| 
We consider the majorized system (ED) with data (a 2 , 62 ). 

Define 


> 0 . 


s=0 


m - + 3(s) 


( 1 + S 2)2 1 + S 2 - 


Thus, 


h ' M - ^l^ + T^< 1 + s2 ) 2 |a 2 «(x R ( S ;i,«))|jThl )2 


+ s z 1 + , 

s rh h ^ 


Hence, from Theorem 14. 1.11 one has 

|3 ? A' r (s;x,0| < f{s) < c(l + s 2 ) 2 (a - 2 + b 2 ) < c (l + R 2 )~ (a 2 + 62 ), 
j<9 ? “ /J (s;x,0| < g(s) < c(l + s 2 ) 2 (a -2 + b 2 ) < c (l + R 2 ) 2 (a 2 + b 2 ), 
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as far as |X R (s; x, £)| < R. 


Case 5 


d 


Assume |A fl (0;x,^)| = \x\ > R with — |A r (s; x, £)| 


> 0 . 


s=0 


Also we have the initial values (|5^A' R (0; x, £)| , |<9g5 fi (0; x, £)|) = ( 03 , 63 ). 
So we have the solution 

|<%X fl (s;x,£)| < a 3 + cs, \d^Z R (s] x, £)| < 63 . 


Collecting the information above we get 

|(‘4A /, ’(,s:x',0| > |^S ii (s;x,0| < c(l + |s|)i? 6 , 

for R > Rq. 


(4.44) 


To estimate ( d x X R (s ■,x,£),d x Z R (s;x,£)) as above we observe that it satisfies the system ob¬ 
tained from (1071) by substituting d x by everywhere. As in the previous case, we majorize 
(|0 x X R (s;x,^)| , |9 X H- R (s;x,£)|) by the system in (14.411) . So the same argument shows that 

|<9 X A- R (s;x,£)| , |a c “ R (s;x,£)| < c( 1 + \s\)R 6 , 


for R> Rq. 


To estimate the higher order derivatives we first observe that if 

(hf al3 (s),h Ral3 (s)j = (d%d^X R (s;x,£),d%d^Z R (s-,x,£;f) , 


then h Ra/3 (s),h Ra/3 (s)) satisfies the system 


where 






Ra/3 

2 


to) 


= 2 da R ( X R (■)) (hf a/ 3 (s)) Z R {-) 

+ 2 a R ( X R (•)) ( h Ra \s )) + Q Ra0 , 

= -d 2 a R ( X R (■)) (/if Q/ 3 (s)) ~ R (-)~ R (-) 

- 2 da R (. X R ( •)) -*(■) (h^iaj) + Q* aP , 


Qf * 13 


Q 


Ra/3 


(<9 7 a) 


i<|7|<I“I+I/3|+i> 


&;d?x R ) 

x 5 /|H+M<H+|/3| 


d u 


dp R 


M+I^KM+I/ 3 ! 


j = 1,2 is a polynomial in its variables. In others words, yh Ra ^ (s), h Ra ^ (s)j satisfies a system 
similar to that in (1071) with external forces depending on the previous steps. We observe that each 
term in Q Ra ^, j = 1,2 has a factor of the form <9 7 a (A r (s;x,£)) with | 7 | > 1. This guarantees 
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that d 1 a (X R (s; x, £)) = 0 if |X' R (s;x,£)| > 2 R and if < 2 R then |s| < c(\x\ + R), 

(see Theorem EED. So when integrating the Q Ra/3, s one can substitute in flPH) the factor 
(1 + |s|) by c(\x\ + R ) to get a bound independent of s until the trajecory gets the free regime (i.e. 
|X r (s;x,£| > R) which provides a linear in s global bound. Using a recursive argument we can 
obtain the following estimates which, although no sharp, suffices for our purpose here. 


Theorem 4.2.1 For any (x,£) G W 1 x § n_1 and for any R > Ro with Rq sufficiently large, the 
derivatives of the bicharacteristic flow satisfy : given a, /3 G Z n with |a| + \fl\ > 1 there exists 
ha, /3 £ with ha,[3 > |ck| + \fl\ such that 


for any s G M. 


dfd^X R {s-,x,f) 

d^E R (s;x,0 


< c(|s| + (|x| + Ry^), 

< c(|s| + (\x\ + Ry a ’ B ), 


Combining the results in Theorem 14.2.11 with the identities in (I4.M8I) - (I4.49I) we get the result for 
(x,£) G M n x M n — {0}. 
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5 LINEAR ULTRAHYPERBOLIC EQUATIONS 


In this section we shall deduce the linear estimates to be used in Section El in the proof of our 
nonlinear results. The first result in subsection EZD is the ultrahyperbolic version of Doi's lemma 
|Hj, (see Lemma, 12.2.21 in Section 0. This will allow us to establish the smoothing effects for linear 
ultrahyperbolic equations with variable second order coefficients. 

Subsection lT2l is concerned with the L 2 (and H s ) well posedness of the associated linear problem 
in the Introduction. To establish this result we follow an indirect approach. As we did in 
Section0-see (Id.121) and (|4.13|) -. we consider the truncation at infinity H R (x) of the operator L(x), 

£ R (x) = 6{x/R)L{x) + (1 - 8{x/R))H°. 

For R large enough we consider the bicharacteristic flow (X R (s; x, £), E R (s\ x, £)) (studied in Section 
0 associated to the operator £j R (x) and the corresponding integrating factor K R . To obtain the 
L 2 local well posedness of the linear problem we combine several estimates for the operator <C R (x) 
and its associated “errors”, as function of R, with the local smoothing effect obtained in subsection 

Q 


5.1 Linear Ultrahyperbolic Smoothing 

We shall begin this subsection by proving the ultrahyperbolic version of Doi’s lemma El, (see 
Lemma l2.2.2l in Section 0 . 


Lemma 5.1.1 Assume that the bicharacteristic flow is non-trapped -see basic assumption in sub¬ 
section £3 of Section 4, and, that S/ajk(x) = o(|x| x ) as |x| —» oo for all j,k = 1 Suppose 

that 

A £ I 1 ([0, oo)) D C([0, oo) is positive and nonincreasing. 

Then there exist p £ S® 0 and c > 0 such that 

(H h2 p)(x,0>\(\x\m-c Vx,^er. 


Proof of Lemma lh.l.U 

Let M > 0 be a constant to be chosen. Let if £ C°°(M) with if(t) = 0 for t < M 2 , if{t) = 1 for 
t > (.M + l) 2 and if'{t) > 0 for t £ R. Let 

pi{x,0 = (?) _ V (kl 2 ) H h 2 (kl 2 ) = -4(f) “V (M 2 ) (® ' A h (x)0 . 
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By straightforward calculation -see Proposition 14.1.11 of Section 0] 


| 2 n \2 


(H ha pi)(x,£) = <0 V(W ) (^(W )) 


+ V’(l *| 2 )(0 


-1 


8 PWtf + 8 £ 

j,k,l,m 


4 x i a jk{x)d Xk ai m {x)^n 

j,k,l,m,p 


With the assumptions on A{x) and c\ = 4v 2 one can fix M sufficiently large such that 

(Hpi) (®,0 > ci-0 (|x| 2 ) <0 _1 |e| 2 , € M n . 

Now choose <fn G C'g°(M n ) with 0i(x) = 1 for \x\ < M + 1. For £ / 0, let 

POO 

P2(x,0 = - / </>i (X(s;x,£)) {E(s;x,£))ds. 

Jo 

By theorem 14.1.11 in Sectional for each (xo,£o) ^ Rn x Rn — {0} th ere is a neighborhood If of 
(xo,£o) such that the integral defining p 2 {x^) is over a fixed compact interval for all (x ,0 £ U so 
P 2 (-,-) is smooth. Furthermore, by homogeneity of the bicharacteristic flow (see ( 12 . 1(111 in Section 
13 and a change of variable 

P2(®,0 = -|£l _1 ^ <0 ( s;x, ]fj)) (l^l S ( S ’ X ’ 

Choose </>2 G C°°(M n ) with 02(0 = 0 for |£| < 1 and 02(0 = 1 for |£| > 2. Let 

P3(®,0 = ^i(*)^ 2 ( 0 P 2 (*, 0 > ^ Rn - 


Then ^3 G Oo by the support properties of 0i and 02 , and 


(H h2 P3){x, 0 = 


2 ^ a jk (x)£ k d Xj (j) i(x) 02 (OP 2 (x, 0 

jk 

+ ^> 1 {x)H h2 ^2{i)p 2 {x, 0 + (0l(x)) 2 0 2 (O(O- 


Now let 

P 4 (x,0 = c 2 pi(x,0 +P3(®,0i 

with C 2 > 0 sufficiently large, then satisfies 


&Hd£p4(x,£) <c a/3 {x )(0 IP', a,0GN n , 


and 


(-ff/i 2 P4)(x,0 > c 3 |0| -C 4 , Vx,£ G 
where c aj g, C 3 , C 4 > 0 are constants. 
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To complete the construction of p(x,£) we observe that the proof of Lemma 2.3 in jSj applies 
verbatim with q(x,f) = p&(x, £), since the proof does not depend on the ellipticity of A(x) assumed 
in [5]. With this, the proof of Lemma 15.1.1 1 is completed. 


Consider now systems of the form 

f dtw = iHw + Bw + Cw + /, (x, t) G R n x (0, T), 

\ w(x,0) = w 0 (x). 


Here w and / are C 2 -value functions on M n x (0, T), 


H = 


£ 

0 


0 

— £ 


where £ = ^2d Xj ( ajk{x)d Xk ) and A(x) = ( a,jk(x )) satisfies the assumptions in subsection 14.11 of 
j,k 

Section 01 

B — ( ^ &(*) ' V \ 

\b 2 (x)-V -*- bl ) 

where b\ G is odd in £ and b 2 G C^K” : M n ), and 

^c n ^c 12 \ 

^C21 ^C22 / 

where c/ m £ S} 0 for l, m = 1, 2. 



Next we consider the ultrahyperbolic linear Schrodinger (scalar) equation 

f d t u = iHu + + & 2 (a;) • Vn + 'L ci u + T C2 u + /, , 

\ u(x,0) = u 0 (x). 

Taking / = (/, /) T , w = (u, u) T and suitable c’s, equation (15.211 is reduced to a system as & 


Theorem 5.1.1 Let s£l. Then there exists N = N(ri) G N such that if 

3^%(x,£)| < c aj g(x)- JV (£) 1- l^ 1 , *,£ G M n , 

and 

d x b 2 (x ) < c a p(x)- N , x G M n , 

then there exists T > 0 so that thefollowing holds: Let uo G IP. 

If f G L 1 ([0,T] : TP), then there is a unique solution u G C ([0, T] : IP) of the IVP \5.2\) 
satisfying 


SUp \\u(t)\\H‘ + 
0 <t<T 


J s+1/2 u(x,t) (x) N dxdtj 


1/2 


< c\\uq\\ h » + c [ \\f{t)\\ H sdt. 
Jo 


69 










(B) If f E L 2 ([0, T] : H s ), then there is a unique solution u E C([0,T] : H s ) of the IVP i5.2l) 
satisfying 


sup | 

o <t<T 

< 


2 4- 
H s + 


I H‘ 


f I J s+1 / 2 u(x, t) ~ (x) N dxdt 

Jo J R" 

f T \\f(t)\\] 

Jo 


+ cT 


1 2 jjs dt. 


(C) If 

js—1/2 f g L 2 ( R « x [ 0)T ] . ( x )N dxdt j 

then there is a unique solution u E C([0, T] : H s ) of the IVP \5.2 1) satisfying 


sup ||«(t)||H. + / / 

0<t<T Jo it" 

— c II^oIIh s + cT / 
Jo 

Here c depends on s, v, A(x), b\, 62 , and ci m . 


J s+1/2 u(x,t) {x) N dxdt 


J s 1 J 2 f(x,t) (x) N dxdt. 


The goal is to prove Theorem 15.1.11 The a priori estimates needed to prove Theorem 15.1.11 are 
essentially reduced to the case s = 0 by the following commutator result. 


Lemma 5.1.2 

J s (iH + B + C) = {iH + B + C)J S , 


where 


B = -isY^d Xj a k i(x) d3 XjXkXl J 2 
j,k,l 


1 0 
0 -1 


C 


%! A 

®c U ®cn y 


and q m E 0 for l, rn = 1, 2. 


+ 5, 


(5.3) 


A similar result applies to the scalar equation (15.211 . 

Proof of Lemma \5.1.2\ 

The lemma follows from the classical S^q pseudo-differential calculus of subsection 12.1 1 in Section 

El 


The next step is to obtain an a priori estimate for Theorem 15.1 .11 in the case s = 0. The last step 
will be the reduction to the case s = 0 (via Lemma 15.1.21) . From this point, c will denote a constant 
(not necessarily the same at each appearance) depending on s, n. A(x), b\, 62 , Qm and the hypothesis 
of Theorem 15.1.11 is assumed to be satisfied. In order to simplify notation, ( H s ) 2 = H s x H s will 
be denoted merely by H s . 
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Lemma 5.1.3 Let T > 0. For all w € C ([0, T] : H 2 ) n C^QO, T\ : L 2 ) 

f f J 1 ^ 2 w(x,t) {x)~ N dxdt < c(l + T) sup ||u;(t )|| 2 2 + [ WfitfW^dt 

Jo Jr™ o <t<T Jo 


and 


rT r 2 

/ / J 1//2 wJ(;c, i) {x)~ N dxdt 

Jo Jr™ 


< c (1 + T) sup \\w(t)\\ L2 + / 
\ 0 <t<T JO 


2 1 I ^ J 1 ^ 2 / {x) N dxdt ) , 


where 


f(x, t) = dtw — (iH + B + C)uJ 
and B, C were given in Lem,m,a \5. 1 PA 


Proof of Lemma 15.1.31 

By Lemma 15.1.11 there exists a real-valued p S S® 0 and c > 0 such that 

(Hh 2 p)(x,0 > c , (x)- JV |^| - c, x,£ € M n , 
where d = c/(s) is to be determined. Let 


k(x,£) = 


exp(p(x,£)) 


0 


0 -exp (p(x,£)) 


and K = Then K is a diagonal 2x2 matrix of S^q pseudo-differential operators. One can 
now calculate as follows 

d t (Kw,w) L 2 xL 2 = (Kd t w,w) L 2 xL 2 + (Kw,d t w) L 2 xL 2 

(i[KH - HK ] + KB + B*K) w, w) 

A / / L 2 xL 2 


+ 


I<C + C*K 


w ' w + l { Kr '*)»x» + 


= / + 17 + III. 


Disregarding symbols of order 0, the first order symbol of i[I\H — HI\] + KB + B*K is 


-eP 


-2 seP 


V ? /r 2 • V x p - V x h 2 ■ V ? p 
0 


E ^7 a ki( x )£j£k£i(£}~ 2 

jkl 

0 

V 


o 

V^2 • V. T p - V x /l2 • 

0 

^ ', *J X jQ'ki(.x')£j£k£i{£) 

jkl 


\ 

/ 


/ 2Re6i 2 ib 2 (x) ■ £ \ 
y -2ib 2 {x)-£ 2Re6i y 
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Choosing c'(s ) large enough and using the matrix version of the sharp Garding inequality in m 
it follows that 


\I\ 



0 

A J 1 



+ c IHIl 2 


< 



J l t 2 w{x,t) (x) N dx + c| 


w 


12 

l^- 


Using that both K and C are of order 0 


\II\ < c|H|| 2 . 

The estimate of III is split into two cases according to the desired norm of /. This is identical to 
the elliptic case given in Section [21 

Combining estimates, integrating in t and using the L 2 -boundedness of K , Lemma 15.1.51 follows. 


Remark 5.1.1 We will use Lemma [5.1.A for U = (J s u, J s u), where u solves the scalar equation 
i f5.2f) . 


5.2 Linear Ultrahyperbolic L 2 -Well posedness 


Our goal in this subsection is to established the following result, 


Lemma 5.2.1 Let T > 0. For all u € C ([0,T];1L 2 ) PlC 1 ([0, T]-,H 2 ) the following two estimates 
hold. 


(A) sup \\u\\ L 2 < c||u( 0)|| i 2 + cT sup 
o <t<T o <t<T 



WfW^dt, 


(B) 


sup \\u \\ 2 L 2 < c||u(0 )||| 2 + cT sup 

0 <t<T 0 <t<T 




dt. 


Here f = dtu — {iLu + \h b x u + 62 • Vu + analogously to Lemram [5.1. A 


The proof of Lemma f5. 2 . II involves several steps. The first one is to cut L —Lq at infinity. Therefore 
for R large enough and to be fixed later on we define 

a%{x) = 0 a jk (x) + (l - 6 a° jk = a° jk + 6 Q (a jk (x) - a ° jk ) , 
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with 9 a smooth cut off function such that 9{x) = 1 if |x| < 1 and 9(x) = 0 if \x\ > 2. Define 



h R its corresponding hamiltonian and 


8, r (x) = &(x) — £j R (x). 


Therefore 


with 



e jk {x) = (l-9 (a jk (x) - a ° jk ) . 


The main point is to apply a suitable pseudo-differential operator K R to the corresponding system 
in order to cancel the first order terms. We begin with the definition and some properties of K R 
and its symbol. We recall that x £ x(t) = 0 for \t\ < 1 and x(t) = 1 for |t| > 2. 


Definition 5.2.1 Let R = 2 J0 for jo E N. Recall the definition of B in Lernrna \5.1.'A We define 

(i) b R (x,f) = s^2d Xj a R k {x)£j£ k £i(£y 2 - Rebi(x,^), 
j,k,l 

(ii) p R {x,£,) = x J bR 

(Hi) pf(x,0 = \ {p R (x,0 +p R (x,~f)) , 

(iv) k R (x,f ) = exp (p R {x,0) , 

(v) k R (x, f) = exp (~p R (x, 0) , 

(vi) B r = * b n, P R = P e R = KR = K R = T fcfl , 

OO 

( v ii) h R = b() + ^2 h f> with h f( x ) = (fij+i) ~ 6 (I/)) bRand anal °9° usl y Pf> Pej> 

3=30 

and k R . 

Some comments about the above definition are in order. 

We recall that applying the operator J s to the equation in (toil the symbol of the first order term 
for J s u is given by (see (15.31) 1 

s ^ dxj®jk(x)fjl(k£,i{(,) Rg b\{x,ff). 

j,k,l 
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So b R (x , £) in (i) is the approximation (due to our truncation of the second order term) of this 
symbol. 

The symbol of the integrating factor needed to “cancel” is given in (iv). The reason to use 
the even function p R (x,£) in (iii) instead of that in (ii) is to preserve the symmetry needed in the 
integration by parts use to handle the first order term in u. 

Finally, K R (x , £) is the symbol of a cuasi-inverse of ^ R . 


Lemma 5.2.2 (i) p R , k R , k R are all even in and real. 

(ii) (V ^h R ■ V x p R — V x h R ■ V^p R ) (x,£) = b R (x,() + ri(.x,£) where r\ G 

(in) (V$/ i R • S7 x p R - V x h£ ■ V^p R ) (x, £) = b R (x, £) + r 2 (x, £) where r 2 G 

(iv) (V^/i R ■ V x k R — V x h R ■ V^k R ) (x,£) = k R (x,^)b R (x,$,) + r 3 (:r,£) where r 3 € S(( 

(v) (v^h R ■ V x ~k R - V x h R ■ Vfk R ) (s,0 = -~k R (x,0b R (x,0 + r 4 (x,^) where r 4 e S 1 

(vi) Let V’ G ip(t) = 1 if t > \ and ip(t ) = —1 if t < — 5 , —1 < ^ < 1. Define 

a?(z-,x,€) = X + 23 ^ ( X \ A ^ ) 0 / 


— OO 

0 • 


—00 

0 • 


.m2 .' 1 v ' _ T v Mill ) 111 

j = 0,1,.... TTien a R € Cq 0 (S 2J +i (0); *S'° 0 ) and 


2 - 1+ 1 / ’ 


P?j(x,0 = 
Pej( x ,0 ( 1 ~ X 


1 


10 2 -? 


M ) ) + a f ( p { x , A h0', x ,0 ■ 


(vii) Setq(x,£)=Y^P?j(^-x(Tjfi%\ x \^’ and 


(5.4) 


(5.5) 


,.R 


( 2 ; I) = exp (q) exp(^ a R (z; x, £)) - 1 


Then q € S'j ) 0 , g( • ,£) G S(M n ) uniformly in £, a R G S(M n ; S^q) , and 

k R [x ,£) = a R (P^AOii.O + exp(g(x,£))- 


(5.6) 


(otm) TTie seminorms of the remainders r^, k = 1,2, 3,4, and of a R and q grow as R N ° with Nq G Z + 
depending just on the dimension. 


Parts (i)-(iii) are preliminary results needed in the proof of (iv). The crucial point (iv) shows at 
the level of the symbols that the commutator of K R and L R (x) “cancels” K R B R . In (vi) and (vii) 
we prove that the symbol k R (x,£) is in the class introduced in Section 0 
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Proof of Lemma 15.2.21 


For simplicity of the exposition we shall drop the index R. 


The proof of (i) is clear. 


As for (ii), it is sufficient to work with each bj and the corresponding pj. We get 


(V^ • V x pj - X x h 2 ■ {x, £) 

r 0 

bj (X(o-,x,£),E(<t;x,£)) dcr ■ 


V x ho • Vf 


X ( ^|£| 


- 

J —c 

+X'Qiei) {Vshg-V x -V x h$ -V x ) j b j (X(o-x,0M^x,0)do. 


For the first factor of the first term we use Theorem 14.1.11 in Section 0] to see that is bounded by 
CAr2 _JV - J , and therefore independently of R. Then by Theorem 14.2.1 1 in Section 0 we prove that 
the derivatives inside the integral are bounded by c a p (|cr| + (|x| + R)^) for a.,/3 £ N n . If 

|<t| > so where so is given in Theorem 14. 1.11 of Section^ then |cr| < c\X(o] x,£)| < c2 J . Otherwise 
|cr| < c\x\ < cR , where the last inequality follows from the support properties of V x /if. Therefore 
from the decay of bj and Vi we conclude that belongs to and the corresponding seminorms 
grow like powers of R. By Lemma 12.2.11 in Section [3 the second term equals 


X 


Jl£l1 = b i( x >0 + ( X ( t:\C\ ) - 1 ) bj(x,€). 


Notice that the last term above is compactly supported in £. 


(iii ) h* is homogeneous of degree 2 in £ , so 

• V x - V x h% • V c ) \p(x, -£)] 

= (V ? /i«) (*,£) • (X x p) (x, -£) + (X x h*) (s,£) • (V^)(x, -£) 
= • x x p + x x h 2 ■ Vzp) ( x > -£)• 


By (ii), this equals 

~b(x, -£) - n(x, -£) = 6 (x,£) - n(x, -£), 
since b is odd in £. This proves (iii). 


(iv) By the chain rule -see also the proof of (ii), 

[Vg/if • X x k - V x h% • V ? /c] (x, £) 

= k( x iQ • V x p e - V x h% ■ V^Pe) (x,£) 

= k(x,0 (b(x,l) + r 2 (x,£)) , 

where r 2 (x,£) is compactly supported in £. 


(v) is similar to (iv). 

(vi) From the definition of a 3 we have suppaj(-; x, £) C B 2 j+i(0). 
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By homogeneity, 


bj (X(<r;x,i;),E(<r,x,Q) = bj f|£|cr;x, |||^ , |f|H f|£|cr;x, |||-^ , 
so it follows by a change of variable that 


p ’ iM = 

/*oo / / g \ 


'0 


lei 


X ( cr;x, ||| ) , |£|H ( cr;x, 


bj X cr; x, — , |e|S cr; x, — dcr . 


I£l 


ICI 


da— 


(5.7) 


Thus combining (15.711 and Theorem 14.2.II in Section 0 and proceeding as in part (ii) we obtain that 
a.j(z] ■, ■) 6Sj 0 uniformly in z, and so are in the derivatives with respect to z. 

Let us prove (ESI). We have to see that 


X 


10 2 -? 


= X 


1 


10 23 

Consider different cases 


Pej(x,0 


x\ ) Pej ( P(x, A h £) + 2hp ( X ', ^ ^ 


wiei ) Ki 


P(x,A h Z) 
2i + 1 


(5.8) 


1— |x| < 102 J : Here x 


1023 


= 0 so RHS=LHS in Q. 


2— |C| < 2 : RHS = LHS = 0. 

3— |P(*,A h OI > ^ and |x| > 10 2 J : First note that 

P (V(x, A h 0 + 2?i/> ^ ^0- 

Next, if \P(y, Ah^)\ > 2 'PR for some y E M n , then bj(X(a; y, £), S(cr; y, £)) = 0 for all <j 6 1 be¬ 
cause bj has x-support in (0), and the bicharacteristics are lines. It follows that RHS=LHS=0 
in (15.81) . 

4— M > 10 2 3, lei > 2, \P(x,A h C)\ < 23 : Here X (|£|/2) = 1 and 0(%^) = 1. 


, wi i n,i , |P(x,^)| 2 ^ 99, 

\X ■ A h £\ = |x||£L/l - rfo - > — |x||£|. 


100 ' 


Now split in two subcases according to the sign of x ■ A 


09 

4— (a) x ■ A h £ > — |x||£|: Here ip 


x-AhC\ _ 


M 


= 1. Suppose a < - [ x 


Ah£ 

Kl 


- 2 j+1 ). Then 


x - 2a^P\ • M = x • - 2u > 2 j+1 . 


1^1 ) Ifl 
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Hence X 


9 Ah ^ A 

= x — la—— and 



By (|5JD 


Pej(x ,£) = 

bj { x ( a;x ’il) ’^ s (° 

2 V 2 / l?l Ji/2(x-A h a\i\-2 j+1 ) V V l?l/ V 

1 / AX N 


t = a - 


K x '^T' 2i+1 )’ 


Doing the change of variable 
Pej(x,0 = 

-^(; l£l )ff 6j ( x (; + K x 'f- 23+I ) ;i 4) 

• ls|s ( r + K x ' : H“ 2 )+ 1 ) ;x 'il)) <ir ' 

Now, 

4 T 44iff- 23+ 4;4) 
=x ( t;X (K x '¥; 2 J+ 1 ) ;x 4 )'KK x 'w 

= x(r;P(x,H,0 + 2J+1 ^p,||), 

and similarly, 

; -P(T, ) + 2 " 


x 'f‘ 2J+I 


K x 't? 4 23 + 1 44 H it; 


If t < 0 then 


(r; P(x, A h 0 + 2J+lj |p> ill ) , m (r; P(®, ^0 + 2 J 


Hence by (15.71) 


Pej{x,0 =Pej (p(x,A h £) + 2 3+l i’ "jfp^) • 

Therefore, (Em holds. This finishes case 4^ (a). 


















Suppose a > i fx ■ + 2 J+1 ) . Then 


o A h £\ A h £ A h £ +1 

x - 2a W)'W = x 'W- 2 °-- 2 ■ 


Hence A(ir;x,|||) = x - 2(T “j|r ™d bj (x hr; x, j|r V |{|S ( c,x L)) = 0. 

K 2J+1+ t) <°- 

Pej{x,0 

1/1 \ 1 /•l/2(2^+ 1 + a: -A^/|C|) / / t\ / c 

= - 5 x ( 5 l«l) 0 /_ «* ( X (* *■ l|) • If = (<™ | 

Let t = a — - ^2 J+1 + x • “jjj^ • Then 

Pej(x,€) = 

M^)mL b ’{ x { r+ W +l+x -w)'-*4i'’ 

> l£l H ( r + \ ( 2J+1 + x ' “jfp) ’ x ' dT 


= 0. Therefore since 


da. 


I£l 


But 


and 


Since 


X[r + l( 2- 7 " 1 " 1 + x ■ 4^) ; x, = X (r- P(x, A h £) - 2* +1 ^, ||) 


Ifl 


T + U 2 J+1 + X • 4^ ; X, -i) = E (t; P(x, A h {) - 2-'^. A 




\t\ J ’ ’ lei 


lei ’lei 


> 2 J+1 for r > 0, 


it follows from m that 


Pej{x,C) =Pej (p(x,A h £) + 2 J+1 ‘lp p|p£ 


and (Oil holds. 


For the proof of (vii) notice first that p e j (l — x (itnyM)) ^ as compact support in x and therefore 
belongs to S® 0 . Thanks to the decay properties of bj we can sumrn in j to obtain the same property 
for q(x,£). The other conclusions follow by inspection from (vi) and the definition of k. 

Finally notice that (viii) follows from the previous steps. This completes the proof of Lenuna|^^21 
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Definition 5.2.2 The equivalence relation = is given by 


A\ = Ao (A\ — A 2 )is L 2 -bounded with norm < C(R), 

where C(R ) grows at most polynomially in R. 

Lemma 5.2.3 Let q G S} 0 with g(-,£) G S(M n ) uniformly in f. Let a G 5(M n ; S^q) and 


d(x,C) = a(P{x,A h f)-x,C)x(\C\)- 

Then 

(i) 

(«; =* K n A> q 9* = {K R )*^f q , 

(Hi) 'fgkH = y q K R = K R ^ q 9 * m q {R R )* 9 * (K R )*y q , 

(iv) i[{K R )*L R - L r (K r )*] 9 * y k R bR , 

(v) i[(K R )*L R - £j R (K r )*} 9 * y~ kRbR . 


The constants for the above inequalities are bounded by R N for some fixed power N, and by some 
fixed number of seminorms of q and a. 


Proof of Lemma Pi . 2. 31 The proof is based on the calculus developed in Section |31 

(i) Let 4>(x) = (1 + |.x| 2 ) N = (x )~ 2N , and — q = q. Then for q = cfq one has 

v ' cp 

= V&Vd = *q<l>Vd = *qd = * qd- 

Here it was used that <f>d behaves as a classical symbol because for our purposes just finitely many 
derivatives of the symbol in £ are needed. This number of derivatives determines the choice of N. 
Similarly, 

- ^W<0 a %»- a 9 

In this case we used that </>(/ — A) is a partial differential operator with decay in the coefficients 
and that cf>(x )(£) 2 behaves as a symbol in 5 2 0 for all N. 

(ii) T qk R = 'f> q K R = K R At q follows from the decomposition in Lemma (vii) of k R into a 

sum of an S'j’g symbol and a symbol of the type d in (i). For the remainder of (ii), 
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ty q (K R )* = (K R ^*)* = (K R ^>g)* 

= (^k R q)* = *k n q = XV k R q 

because k R q £ S) 0 and k R is real-valued. Similarly, 

(K R )*y q = ys>* q K R y = (VgK R )* 

(%«)* = 

(iii) is similar to (ii). 

(iv) k R b R € S( 0 and is real-valued so, taking adjoints, it suffices to show that 

i[K R L R - L r K r ] 9* ^ kRb R. 

Now write 

£ R = [£* _ (A h V) • V] + (A h V) • V 

to see that T R is a compactly supported perturbation of a constant coefficient operator. By 
Theorem IM.M.1 1 in Section 01 and the decomposition in Lemma 15.2.21 (vii), it follows that 

i[K R L R - £j R K R ] = i if^/ i h§"'V x k R -V x h§"V i k R — x ^b R k R 
using Lemma lb, 2.21 (iv) in the last equivalence. 

(v) is similar to (iv) using Lemma. 15.2.21 (VI instead of Lemma, 15.2.21 (iv). 

This completes the proof of Lemma 15.2.51 

In order to prove Lemma, 15.2.1 1 we still need some technical results. Recall that £ = & R + 8, R and 
that K r and b R were given in Definition 15.2. II 

Lemma 5.2.4 There exists No large enough such that 

(i) \\(K R y u \\ L 2 = o{r n °\\ u \\ l2 ), 

(ii) || i [£ r , (K r )*] u + (K R y^> b RU \\ L 2 <cR No \\u\\ L 2, 

(iii) \\(K R yb 2 (x)Vu - b 2 (x)V (. K R )*u \\ L i < cR N °\\u\\ L 2. 

(iv) \\(K R y^ Imbl u - 'f> Imbl (K R )*u \\ L 2 < cR n °\\u\\ L 2. 

Proof of Lenmm \b.2.4\ 

Part (i) follows from the descomposition of Lemma 15. 2. 21 fviil and Theorem l5.2.1l in SectionOl Part 
(ii) follows from Lemma 15.2.21 fivl. Theorems 15.5. II 15.5.51 in Section 01 and that k R is real. As for 
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(iii) follows from Theorems iM.H.IlH.H.Hl in Section [3] and that k R is even in £. Finally (iv) follows 
from Lemma 15 .‘2 ..SI (ii). 


Lemma 5.2.5 Given M there are R large enough and N(M) such that 

\(i [£ fi , ( I < R )*] u, ( K r )*u}\ < R- m \\J 1/2 (u)(x)- n \\ 2 l2 + O (r n M 
with Nq as in Lemma 


* No Hh), 


Remark 5.2.1 Here M can be taken arbitrary large since the coefficients are in S. However it 
suffices to assume U-lb\) in Section \]]for some t sufficiently large. 


Proof of Lemma. 15. 2. 51 
We have 

Take adjoints to get 
Recall that 

with 


i[L R , (K r )*} = i (L r (K r )* - (K r )*£ r ) 
- i (K r (E r )* - {E. r )*K r ) . 


£R = -(£-£*) ^ (e jk 9 


(5.9) 


j,k 


dx k 


ejk = (l - 0(-|)) (a jk (x) - a° jk ) . 


Thus we can see E R as a second order differential operator with coefficients of the form ej k (x) = 
-Rj 4 &fk( x ) > an d &fk decay uniform in R. 


Then 


d 2 


(£«)• = 

for some 63 with the right decay. Therefore this term gives bounds of the type 

O{R N0 \\u \|| 2 ) 

in just using Lemma. 15.2.21 (iii. 

Now we use Theorem 15.5.11 in Section 0 and Lemma 15.2.21 fivl to get 

K r (£ r )* — ( 8, r )*K r = + zero order terms, 

m R (x,£) = x e jk £;ffik ■ Vffi R - f>Vc(£,£/,) • V x k R ), 

j,k 
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and the zero order terms have bounds in L 2 which grow as R N °. 

Notice that a R (x, £) G 0 , with uniform 0( R~ M ) decay in x . We need to study (\f ’* aR u, ( K R )*u ). 


We observe that T* R = H/—jj + zero order. Therefore we will work with T^r, being analogous the 
calculations for Define 0(x) = (x)~ N . Then 


R M {^ aR u, (K r )*u) = 


< 

< 


R M (<M>- 2 V a R J 1 ' 2 J- 1 J 1 ' 2 u , (j){K R y u) 
(0J 1 /2^-2^J-ljl/2 tt) (j)(K R )* U ) 

(0J 1 /2^-3^ ii J-ljl/2 W) (j)(K R )* u) 

(^j 1 / 2 ^- 3 ^ q r j-V j 1 / 2 u , c/){K R y u) 

(J 1 / 2 ^- 3 T q rJ-V«/ 1/2 ^, y(K R )*u) 

(0" 3 T q r J-V J 1 / 2 u , 0 jV 2 0(A^)* u) 

II (/>- 3 t q rj 1 / 2 u || L2 1| (j, j^/ 2 (fi(K R y u || L 2 

(7110 J 1 / 2 U || L 2 ||0 J l / 2 4>(K R y u || L 2 


(5.10) 


as desired. Lemma 15.2.51 is proved. 


Next, with K n as in Dehnition 15.2.11 we define 

E R = I - K R (K R )*. 


Lemma 5.2.6 There exists No such that 

(i) \\E r u\\ L 2<CR n °\\u\\ L 2, 

(ii) Let q € S( 0 with q(. ,£) G S(M n ) uniformly in £. Then 

\\^ q E R u \\ L 2 + \\E R ^ q u \\ L 2 < CR No \\u\\ L 2. 

As a consequence 

||T;^ 6l u || L 2 + ||^ r 5 2 .Vu|| L 2 < CR N °\\u\\ L 2 , 

(in) | ([L r ,E r ]u,E r u) | < CR No \\u\\ 2 l2 , 

(iv) \(i[E,E R ]u,E R u)\ < CR n °\\u\\ 2 l2 . 

Proof of Lernrn a 15.2.61 

Part (i) follows from the descomposition of Lemma 15.2.21 (vii) and Theorem 15.2.11 in Section 0 
As for (ii) 


* q E R = * q - V q K R (K R y = Tq - * q - k (K R y = T, - V q ~ kk = 0, 
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by using Lemma 15.2.21 ini') and (ii). Similarly 

E R * q = - K R {K R )*V q = V q - K R V qk ^ - * qkk = 0 . 

For (iii) it is enough to prove that [L R , E R ]u is L 2 -bounded. But 

i[E R ,E R ] = i (E R K R (K R )* - K r (K r )*£j R ^J 
= i (( L r K r - K r E r )(K r )* + iK R (E R {K R )* - (. K r )*E r )) 

= ( K R T - K R * {k n bR) 

^ (k R b R k R ) ^ (k R b R k R ) 

Finally let us prove (iv). We have £ = £j R + L R , and E R = I — K R (I\ R )*. Part (iii) gives that 
([£ R , E r ]u, E r u) has the right bound. Hence we need to understand [L R , K R (K R )*]. 

We have 

& r K r (K r )* - K R {K R )*L R = 

(e r K r - K r 8, r ^J ( I< R )* + R R (£ r (K r )* - (. K r )*E . r ) . 

For both ( L R K R - K R Z R ^ and (L r (K r )* - (K R )*L R ) we can use Theorems IH.H.lllH.H.Hl in Section 
01 so that they can be written as '3/ j g j + zero order terms with j = 1,2 classical first order 
pseudo-differential operators with the right decay in x as we did in the proof of Lemma 15.2.51 But 
from Lemma 15. 2. HI 

*(iAK n Y = k R * fh = 

and we can apply part (ii). 


Proof of Lemma 15.2. JI 

Notice first that part A follows making / = 0 in part B and using Duhamel’s principle. We study 
the problem 

f dtu = iLu + + 62 (®) • Vu + ’P C1 'U + \P C2 ii + / 

1 u(x, 0) = Uq. 

We also have £ = L R + L R . Applying the operator (. K R )* and observing that if s = 0 in Definition 
15.2.II then = V’-Re&i)’ we from Lemma lb. 2. 41 

d t (K R )*u = i [£ fi , (K r )*] u + (K R )*^ bl u + iL R (K R )*u 

+ i8. R (K R )*u + i [£ r , (K r )*] u + (. K R )%(x ) • Vu 
+ ( K R )*f + zero order terms 

= i£j(K R )*u + b 2 (x) • V(K R )*u + i [E r , (K r )*] u 
+ 'i'L imb 1 ( K r )*u + (. K R )*f + zero order terms. 

Define v R = ( K R )* u . Then we have 

dt(v R , v R ) = i(flv R , v R ) +i( [£ R , (K R )*] u, v R ) + (l> 2 {x ) • Vv R , j mbl v R , v R ) 

+0 (^IImIIls||u r || l2 ) + o (^°||u||| 2 ) + 0(||/||| 2 ) 

= i(flv R , v R ) + i( [£ R , ( K R )*~\ u, v R ) + (ffi imb^n, v R ) 

+0 (^0 H ^||^||^) + O(^0| H |2 2)+O( || / ||2 2)j 

8H 
















where the last step follows by integration by parts. Taking the real part of both sides and us¬ 
ing Lemma 15.2.51 a/nd Garding’s inequality for Re (i'f! i mbl v R , v R } we get after integration in the 
temporal variable 


supo <t<T h R (t)\\ 2 L2 < CR No \\u{ 0)\\ 2 l2 

+R~ M f 0 T WJ 1 / 2 (u){x)~ N \\ 2 L2 dt + C R n ( m ^ +n °Tsup 0<t<T ||u(i)||| 2 + C Jq ||/||| 2 
for T small. 


Similarly 

d t E R u = iLE R u + *[£, E r ]u + E R ^ bl u + E R b 2 • Vu + E R f. 

Then from Lemma 15. 2. (il we have 

sup \\E r u\\ 2 L 2 < CR No \\u( 0)\\ 2 L 2 + CR n °T sup \\u(t)\\h+C I*' \\f\\ 2 L 2 . 

0 <t<T 0 <t<T JO 

Now using / = E r + K R {K R )* and the previous estimates we get 

sup ||'u(t)||| 2 < CR n ° sup ||u||| 2 + C*sup \\E r u \\ 2 L 2 
0 <t<T 

< CR No |gR 7Vo ||u(0)||| 2 +R~ M J o \\J 1/2 (u)( x )- N \\ 2 L2dt+ 

+ < (M) sup \\u(t)\\ 2 L2 )+CR N °T sup ||u(t)||| 2 + C f T ||/||| 2 . 

0 <t<T J 0 <t<T Jo 

Since Nq is fixed and M arbitrary, this combined with Lemma l5.12.GI finishes the proof. 


Proof of Theorem \5.1.1\ 

Parts A and B follow by the a priori estimates in Lemma 15.1.HI and Lemma If). 2. II iust as we did in 
Theorem 4.1 of Section [21 for the elliptic case. 

So just part C remains to be proved. It is enough to prove the case s=0 by Lemma Ih. 1.21 It can be 
assumed that uq = 0 since (B) solves the case / = 0 and that / £ S(R n ~ l_1 ). Let u be the solution 
of (15.21) given by (B) and let £ S(R n ). The family of problems (15.21) is invariant under adjoints 
and time reversal, so (B) yields a solution v of 

| d t v = -(iL + ^ bl + b 2 (x) ■ V(-) + 'I'd + 4' C2 (-))*'y, 

1 u(z,0) = v 0 (x). 
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Now 


dt(u(T),v(T)) = (u( 0),u(0))+ [ ((d t u(t),v(t)) + (u(t),d t v{t)))dt 

_ Jo 

iLu + + b 2 (x) ■ Vtt + T C1 u + \H C2 u + /> v ) 

+ [ ( U 1 — (*£ + ^61 + ^(x) ■ V(-) + ^ci + Vl/ C2 (■)) u) dt 
Jo _ 

[ ((x) N / 2 J- l ' 2 f,{x)- N / 2 J l ' 2 v)dt 


= [ (f, v) dt = 

T 

<([ [ \J~ 1/2 f\ 2 (x) N dxdt) 1/2 

Jo JR" 

<c{ [ [ \J~ 1/2 f\ 2 (x) N dxdt) 1/2 \\<p \\ L 2 

Jo J R 71 

where the last inequality follows from (B). Hence 



| J 1//2 u| 2 (x) -JV dxdt) 1 / 2 


sup ||n||^ 2 < C 

[0,T] 



| J-V 2 f\ 2 (x) N dxdt. 


Finally use Lemma 15.1..11 and the proof of Theorem 15. 1.1 1 is complete. 
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6 NONLINEAR EQUATIONS 


The local smoothing results for linear Schrodinger equations will now be applied to obtain local 
well-posedness in weighted Sobolev spaces with high Sobolev index for a quite general class of 
nonlinear Schrodinger equations with initial data in the Schwartz class S(R n ). This follows the 
contraction mapping scheme as in m and m- 


6.1 Linear solutions and weights 


Suppose u is a solution of the linear Schrodinger equation 

j dtu = iLu + b\ ■ Vu + b 2 • Vu + c\u + c 2 u + /, 
1 u(x, 0) = uq{x). 


By Lemma 15.1.21 and lemma IB. 1. Ill in Section [BJ w = J s u is a solution of the equation 

f d t w = iLw + 'S’b 3 w + h ■ S7w + ^> ri w + T r2 u> + J s f 2 \ 

\ w\ t =o = J s u 0 . 

where 

= 61 • V - is'Y^d Xj a k idl jXkXl J - 2 , n,r 2 € S? )0 . 

j,k,l 

Let Wj denote the solution operator of (6.j), j = 1,2, with / = 0. Then one has J s W\Uq = 
W 2 J s uq . A similar result is needed when J s is replaced by the weight (1 + IxpU . It is useful to 
obtain a few results concerning commutators of weights and classical pseudo-differential operators. 


Lemma 6.1.1 Let p e S™ g, a £ Ng . Then 

x a %f-%[x a f}= J2 
0</3<a 


a , 

(3 I 


x a - f3 f 


, f €8. 


Proof of Lemma Id. 1.1 1 

Using integration by parts and Leibniz’ rule, 

x a 9„f(x) = j xV*p(z,f)/«)<J£ 


J (~id c r [<=“«] p(x,®nm = j e“- £ (» 5 )“ [p(x,o/(o] rfe 

/ e “' 6 E ( l ) («s)h(x,{)(i9{)“-'7(«)<S; 

[ ^ E 

j p<a 


(id^ p p(x,^)(x a 1 f)(£)d£ 


[x a f] (x)+ £ ( “ W 


0 <0<a 


/? J Pd^p 


X 


h (x). 
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This proves Lemma . 1(11,11 


Lemma 6.1.2 Let p £ S^o , N £ N . Then 


(1 + \x\ 2 ) N ^ p f = 'Lp [(1 + \x\ 2 ) N f] + 2N'^2'S> id( . p [xj( 1 + Ixl 2 )^ V] 


+ Y CaP^d^p \x^f 

\a+P\<2N,\a\>2,\P\<2N—2 


, /£ S(M n ). 


Proof of Lemma \(i.l.2l 

Lemma 16.1.11 yields the identity 

(1 + |x| 2 )T p - T p (l + \x \ 2 ) = 2 - TA 5 p. 

J 

Lemma 16.1.21 follows by induction of N and further applications of Lemma 16.1.11 


Now we study weighted Sobolev norms of solutions of (16.111 and (16.21) . Let u(t) = Wi(t)uo be the 
solution of the linear equation 


f dpu = iLu + + &2 • Vw + \H C1 u + T C2 n 

\ u(x, 0) = uo{x). 


Lemma 6.1.3 Let N £ N, s £ M . Suppose (x ) 2N uq £ H S+2N . Then 



2N 



sup ||(z} 2Ar TUi(t)u 0 ||^ 

> < Y c i TJ 11 (g) 2jV ~ J ^o 

1 12 

ll/fa+j ! 

(6.3) 

0 <t<T 

J=0 


sup \\(x) 2N Wi(t)uo\\ 2 Hs 

<c(1 + T 27V )||(x) 27V u 0 | 

2 

| J-[s-\-2N ■ 

(6.4) 


o <t<T 


Proof of Lemma 16 . 1 
Let u = VLiUo . Then 

dt [(x) 2 Jv n] = (x) 2N dtu 

= (x) 2N |iLu + + 62 • \7u + T ci n + 'L C 2 7f j • 

Using Lemma, 16.1 .21 this equals to 

i£j(x) 2N u + ’Lfej ( x) 2N u + 62 • 'V(x) 2N u + ^>c 1 (x) 2N u+ 
+^c 2 {x) 2N u + +2NY'^d ij h2 x j{x) 2N ~ 2 u. 
j 
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Hence ( x) 2N W\Uq satisfies a linear equation with initial data {x) 2N uq and forcing term 


/ = 2Nj2^d,.h 2 x j (x) 2N - 2 W l u 0 . 
3 


Hence 

sup \\(x) 2N Wi(t)u 0 \\ 2 HS < c\\(x) 2N u 0 \\ 2 hs 

0 <t<T 

+C [ y; \\x j {x) 2N ~ 2 W 1 (t)uQ\\ 2 HS+ idt 

Jo ■ 

< c j|| (x) 2N uo\\ 2 }js +TJ2 jS up 0 ^ T \\x j (x) 2N - 2 W 1 (t)uo\\ 2 Ha+1 }. 

Using Lemma Rid. II instead of Lemma lb. 1.2 1 and arguing as above, it follows that Xj(x) 2N ~ 2 Wiuo 
satisfies a linear equation with initial data Xj{x) 2N ~ 2 uo and forcing term 

/ = ^ q (x) 2 N - 2 W lU0 , 


where g£5} 0 . Therefore, 

sup \\xj{x) 2N ~ 2 Wi(t)uQ\\ 2 Hs+1 
0 <t<T 

< c\\xj(x) 2 N ~ 1 u 0 \\ 2 H s+i + C j \\^ q (x} 2N ^ 2 Wi(t)u 0 \\ 2 Hs+1 dt 

< c\\(x) 2N ~ 1 u 0 \\ 2 Ha+1 + cT sup \\(x) 2N ~ 2 Wi(t)u 0 \\ 2 HS+;i , 

0 <t<T 

and 

sup \\{x) 2N Wi(t)uo\\ 2 H s < c||(a:) 2Ar -uo||| fs 
0 <t<T 

+c 1 T\\(x) 2N ~ 1 u 0 \\ 2 HS+1 + c 2 T 2 || (x) 2N ~ 2 Wi(t)u 0 \\ 2 HS+2 . 

Now apply this result N — 1 times with N replaced by iV—1,JV — and the proof of 

(IQl is complete. 

For m, it suffices to note that 


||(x) 2iV JuoWhs+j = ||(x) 3 (x) 2N U 0 \\ H s+j 
< c\\(x) 2N u 0 \\ H s+j < c\\{x) 2N Uq\\ H s+2N 

if j e {0,1,... , 2iV} since (x) - - 7 € S® 0 . This proves Lemma IThl.MI 


6.2 The nonlinear Cauchy problem 


Consider the initial value problem 


dtu = ibu + b\ ■ \ 7 u + 62 • Vm + ciit + C2U + P(u, Vn, u, Vu), 
u{x, 0 ) = u 0 (x), 


(6.5) 








where 


£ju(x) = y^ j d Xi (a jk (x)d Xk u(x)), A(x) = (a jk (x)) j}k =i,...,n 
j,k 

is a real, symmetric n x n matrix, and P is any polynomial with no linear or constant terms. 
Concerning the variable coefficients, it will be assumed that 

ajk , h , 62 , ci, C 2 G CT. 

Assume further that the matrix A{x) = {ajk(%)))j,k=i,...,n is positive definite or invertible. There 
will be additional hypotheses on aj k , b\ and b 2 in each of the two cases. More precisely, 

Elliptic case 

Suppose 

v- 1 1£| 2 < |^(*)^l < H-ei 2 , ^er. 

Then assume in addition the following: 


(a) A{x) generates a bicharacteristic flow with non-trapped bicharacteristics. 

(b) There exist N > 1 and a constant C such that if A(|x|) = {x)~ N 

\\7djk(x)\ , |Im 6 i(x)| < (7A(|a:|), x G M n . 


Ultrahyperbolic case 

Suppose 


V x |^| < I^(s)^| < v\€\ ,x,t€ M n . 

Then assume in addition the following: 

(a) a,j k (x) — ci® k G S(M ?1 ) for j,k = 1, ..,n where A 0 = (a° fc ) is a real symmetric n x n constant 
matrix. 

(b) The bicharacteristics are non-trapped. 

(c) bi, b 2 G S(M n : C n ). 


Remark 6.2.1 It will be clear from our previous results and the proof below that assumptions in 
(a) and (c) in the hyperbolic case can be relaxed so that one only needs a finite number of seminorms 
in \3. £\) in Section 0 


Under the above assumptions, the following result holds. 
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Theorem 6.2.1 Let uq E S(M n ) and s > n + AN + 13. Then there exists 

T = T(\\uo\\h s ,\\{x) 2N J s ~ 3 / 2 uq\\ L 2 ) such that \(i.5\) has a unique solution u defined in the time 
interval [0, T] satisfying 


u E C°° ([0, T] : H s {R n ) n L 2 {{x) N dx)) . 


Let 


where 


Xf = 


ju € C{[0,T]-H s ( M n )) 


max A Aw) < oo 

J=l,2,3 


Ai (w) = sup ||lo||# 
0 <t<T 
rT 


A2 = f f | J s+l / 2 w(x, t)\ 2 (x) 2N dxdt 

Jo J R n 

X 3 (w) = sup \\{x) 2N d t w(t)\\ Ha /2+n/2+3. 

0 <t<T 


Then for every uq E S(R n ) there exists a neighborhood ll of uq in S and a T' > 0 such that the 
map data —>■ solution of \6.5\) is continuous from 'll into Xf,. 


Remark 6.2.2 The classical pseudo-differential theory in subsection 2.1 of Section^ and the new 
operator calculus in Section 0 both basically rely on Taylor expansions of finite order and finitely 
many integrations by parts. Consequently, by Sobolev’s theorem, the assumption uq E § in Theorem 
EH can be relaxed to (x) 2N J Sl uo E L 2 for some large si = si(n, s) . The solution u of 1 6'. ,51) is 
then in C ([0, T] : LP(M n )) n L 2 ({ x) N dx )) . It is an interesting problem to determine the optimal 
regularity and decay of uo needed in specific examples of equation \(i.5\ ). 


Proof of Theorem Id. 2. 11 

Let so £ 2N with so + \ > n + AN + 13. Let v = J s °u. Then u solves (16.511 if and only if v 
solves 

{ dtv = iJhv + + 62 • Vu + + ^02^ 

+ J s ° [P(J~ s °v,V J~ s °v, J~ so v, VJ~ so v)} 
v(x , 0 ) = J s °uq(x). 

Using Leibniz’ rule, 

js 0 V J~ s °v, J~ s °v, VJ~ s °v)] 

= Y VJ“ So u, J~ s °v, XJ~ s °v)d Xj v 

j 

+ Y VJ~ so v, J~ s °v , VJ- So v)d Xj v 

+R 1 ({d*J- So v,d*J- So v} H < So/ 2 + i)A< pi v 
+R 2 {{dfJ S 0 V, 3 fJ S M|a|< S0 /2+l)^P2^ 

where Q±j , Q 2 j , j = 1,... ,n , and Ri , R 2 are polynomials with no constant terms and p\ , p 2 £ 
5° 0 . The right hand linear factors in the 2n + 2 terms above arise from the highest order derivative 
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in each term of the Leibniz sum. Now let 


Qi(v) = 

^2[Qi,j(J~ SOy , v J _so u, J~ s °v,VJ~ s °v) - Qij(uq, Vn 0 , Uo, Vuo)\d Xj v, 

Q 2 (v) = 

Y [Q 2 j(J~ so v,VJ~ so v, J~ so v,VJ~ so v) - Q 2 j{u 0 ,Vu 0 ,u^,Vu^)] d Xj v, 

Ri(v) = 

[Ri{{d^J- So v,d^J- So v}i a \< So/2+ i) - i?i({9“u 0 ,9"uh}| a |< So /2+i)] ^ P1 v, 

R2{v) = 

[R2({d% J V,d x J |a|<so/2+l) R% {{^x ^0 1 9 X Wo} |a|<so/2+l )] ^P2^i 

and 

h{x,0 = bi(x,£) + J2jQi,j( u o^ u o,uo,^uo)(x)i^j, 
h(x) = b 2 {x) + Q 2 {u q , X7 u 0 , W, VW)(x), 
c 3 = Cl + R] ({d%u 0 , 9 “wo}|«|< So / 2 +i) Pi, 

C 4 =C 2 + R 2 ({d> 0 , ^«o}| a |< so / 2 +l) P 2 - 
Then it suffices to solve the following nonlinear equation for v, 

d t v = iLv + T ~ bi v + 64 • Vu + + 'f'c 4 T 

< +Qi(v) + Q 2 (v) + Ri(v) + R 2 (v) 
v(x, 0) = J S °Uo(x). 

This corresponds to solving the integral equation 

v(t) = Wi(t)J s °u 0 + [ Wi(t — t')[Qi(v) + Q 2 (v) + R\(v) + R 2 {v)]{t')dt ', 

Jo 

where w(t) = W 1 (t)vjQ is the solution of the linear homogeneous equation 

{ dtw = iL>w + + 64 • Vw + + Tc 4 IU, 

w(x, 0 ) = wq(x). 

The solution of the integral equation is a fixed point of the following map which will turn out to 
be a contraction on a suitable function space. Let 

[$«oM] (t) = W^J^uo 

+ [ W\(t - t')[Qi(v) + Q 2 (v) + Ri(v) + R 2 (v)](t')dt', 

Jo 


\l(w) 


A 2 (w) 
X 3 (w) 


sup \\w(t)\\ H i/ 2 , 

0 <t<T 

'T , \ >/2 

/ | J 1 w(x, t.)\ 2 (x) 2N dxdt 


sup I \(x)^d t w(t)\\ H -s 0 /2+n/2+7/2, 
0 <t<T 


A (w) = max {\j(w) : j = 1,2,3} , 

\ 4 {w) = sup ||(;c) 2Ar u;(f)|| H -s 0 /2+n/2+7/2, 
0 <t<T 


= {w : M n x [0, T] ->• C : A(u>) < a} . 
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For suitable a and sufficiently small T it will be shown that <I> no maps the complete metric space 
Xj, into Xj, and is a contraction. 


Let w G X% . The first goal is to show that <h Uo (w) G Xj,. Notice that v = <l? Uo (w) solves the 
linear equation 

dfV = iLv + + 64 • Vu + Tc 3 u + 'Fc 4 T 

’ +Qi(w) + Q 2 (w) + Ri(w) + R 2 (w) 
v(x, 0) = J s °uo(x). 

By the linear smoothing effect, 


^i(SVoO)) + X l(®u 0 (w)) < c{||u 0 ||^ so+1/2 


+ 


+ 


[ f \Qi(w)\ 2 (x) 2N dxdt + f f \Q 2 (w)\ 2 (x) 2N dxdt 

J0 T JR" J0 T J R n 

[ [ \Ri(w )\ 2 (x) 2N dxdt + [ [ \R 2 (w)\ 2 (x) 2N } 

Jo JI" Jo J R" 


— c {|| u o||^s 0 +i /2 + II + I 2 + III + 1 12 } ■ 
Concerning the first term, 


h = [ [ \Qi(J~ so w,VJ- so w,J- so W,XJ- so w) 

Jo JR n 

—Qi(uo, V«0) uq, VTZo)] • Xw\ 2 (x) 2N dxdt 
< c sup \\(x} 2N [Qi(J~ s °w 1 XJ~ s °w, J~ s °W, XJ~ s °w) 

0 <t<T 

-Qi(uo, Vn 0 , Uo, Vuo)]\\ 2 L oo [ [ \Xw\ 2 (x)~ 2N dxdt 

x Jo Jr n 

— dla,I\b- 

For j G {l,...,n} one has d Xj = (d Xj J~ l )J l . Observe that d Xj J~ 1 is a 0th order classical 
pseudo-differential operator and is hence bounded on L 2 ((x)~ 2N dx ) by Lemma EU in Section [3 
Therefore, 

lib < c j f | J l w\ 2 {x)~ 2N dxdt = cX 2 (w). 

Jo Jr u 

In order to estimate I\ a , let j G {1,..., n} and t G [0, T] . Then 


Qi(J s °w,XJ s °w,J s °w,XJ s °w) — Qi(uo, Vuo, uq, Vuo) 

= [ dt[Qi(J- So w,VJ- So w,J- So W,VJ- So w)(t')}dt'. 

Jo 

By the product rule for ^-differentiation, Lemma lli.1.21 and Sobolev’s theorem, 

ha < cT A§ (w)Sl (Af (w)) 

where S± is some polynomial of one variable. In the rest of the proof, Sj , j = 2,3..., will denote 
other such polynomials. Combining estimates for Ji a and hb , 

h < cT\ 2 {w)\l(w)Si{\\(w)). 
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The estimate for I 2 is similar. Concerning the last two terms, 


Ih = 


fj 

Jo J R’ 


lM{d«J 


-SO 


■^> Pl w 


{x) 2N dxdt 
< cTX 2 (w) ■ 


w i d%J S0 ^}|a|< S0 /2+l) - ^l({d>0,3> 0 } H < S o/2+l)]- 


•||<a:) 2 iV [i?i({5“J s °w, <9“ J s °w} H < so/2+1 ) - Ri{{d^u 0 ,dy 0 }) H < so/2+1 )]\\ 2 L? 
= cT\\(w)Ih a . 

To estimate II\ a let t E [0, T]. Then 


s °w, d x J a °w}| a |< ao / 2 +i )(*)~ Ri{{d x u 0 ,d%u 0 }\ a \< so/2+1 ) 

Jo 

By the product rule for t-differentiation, Lemma Ih. 1.2 1 and Sobolev’s theorem, 

I ha < CTX 2 (w)S 2 (X 2 (w)). 


Hence 

Ih < CT 2 Xl{w)X\S 2 {Xl(w)). 

The estimate for II 2 is similar. Combining estimates for I\ , I 2 , II\ and II 2 , one gets that 

(A? + A l)(<5> U0 (w)) < c||m 0 ||^ so+ i /2 + cT(l + T)A 4 (w)S 3 (A 2 (w)). 

Next A 4 will be estimated and then used in the estimate of A 3 . By Lemma Id. l.dl' bl. 

A 4 (d> Uo (u;)) < sup \\{x) 2N Wi(t)J so u 0 \\ H -s 0 / 2+n/2+7/2 
0 <t<T 

+T sup \\{x) 2N Wi(t - t')[Qi(w) + Q 2 (w) 

0 <t'<t<T 

+Ri(w) + R 2 (w)\{t') || H -s 0 /2+n/2+7/2 

< c(l + T n )\\(x) 2N J so u 0 \\h-i + cT( 1 + T n )-_ 

•{ sup ||(x) 2 iV Qi(u;(t))|| H -i + sup ||(a;) 2 Ar Q 2 (w(t))||^i 
0 <t<T 0 <t<T 

+ sup ||(x) 2 iV i?i('u;(t))||^-i + sup \\(x) 2N R 2 (w(t))\\ H -i} 

0 <t<T 0 <t<T 

= c(l + T N )W(x) 2N J s °u 0 \\ H -i + cT( 1 + T N ){h + h + Ih + Ih}. 

By the product rule for Xj-differentiation and the fundamental theorem of calculus in the t- variable, 

t Q\{w{t)) = 

Y J d Xj [w{t) [ dtlQ^iJ-^w^J-^w^-^w^J-^it'^dt' 

j J t ° J 

+w(t)Y] [ d x d t [Q lj (J- so w,VJ- so w,J- so w,VJ- so w)(t , )}dt' 

j Jo 
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so that, by Sobolev’s theorem, 


Ji < sup ||(x) 2 Ar u;(t)- 


j 0 <t<T 


• [ d t [Qij(J- S0 w,VJ- S0 w,J- S0 W,WJ- S0 w){t')]dt '\\ L 2 

Jo 

+cX; sup ||(x) 2 iV i(;(t)- 


0 <t<T 


■ J d Xj dt[Qi tj {J- So w,VJ- So w, J- s °m,VJ- so w){t')}dt '\\ L 2 

< cTA 3 (u;)Ai('u;)54(Ai(u!))- 


Similarly, 


h < CTX 3 (w)Xi(w)S 5 (Xi(w)). 

Concerning J/i, one has 

Ri(w(t)) = 'Sf Pl w(t) [ d t [R 1 ({d^J~ so w,d^J- so w}\ a i< So/2+ i){t , )}dt / . 
Jo 

By Sobolev’s theorem and the L 2 boundedness of T pi , 


Ih = sup II (x) 2N ^ Pl w(t) f dt [ j Ri({ 5 “J- So u;, 9 “J- So U} h < S o/ 2 + i)( 0 ]^ , |Il 2 

0 <t<T JO 

< cTX 3 (w)Xi(w)S e (Xi(w)). 


Similarly 


112 < cTX 3 (w)X 1 (w)S 7 (Xi(w)). 

Combining estimates for I\ , I 2 , //i and 7 / 2 , it follows that 

A 4 ($uoW) <c(l + T iV )||(x) 2JV J so uo||^- 1 +cT 2 ( 1 + T iV )A 2 H ( S 8 (A( U ;)). 
This estimate of A 4 will be used in that of A 3 . Let v = d> no (w) and note that 


d t v = {iH + + Tc 3 )u + (64 • V + Tc 4 )u + Qi(w) + Q 2 M + Ri(w) + -R 2 M 


where zL + + Tc 3 and 64 • V + Tc 4 are classical pseudo-differential operators of order 2 and 1, 

respectively. By Lemma 1(1.1.21 

X 3 (v) = Xi{d t v)<c sup \\{x) 2N v\\ H s 0 / 2 + n / 2 +ii /2 
0 <t<T 

+C SUP \\{x) 2N [Ql(w) + Q 2 (W) + Rl(w) + R 2 (w)]\\ H -s 0 /2+n/2+7/2. 

0 <t<T 

The first term can be estimated as A 4 (u) since so is sufficiently large. The second term is dominated 
by I\ + I 2 + II\ + Ih in the estimate of X<i(v ). Hence 

A ($ U0 (w)) < c( 1 + T N )\\{x) 2 N J so u 0 \\ 2 h -i + cT(l + T jV+1 )A 2 (rc)5 9 (A('u;)). 

T will later be chosen small, so it can be assumed that T < 1. Combining estimates for Ai, A 2 
and A 3 , 

A(^ 0 H) < c(||«o|| h , 0 +i/ 2 + ||(x) 2A, J so u 0 ||//-i) 

TcT 1 / 2 A 2 (ta)(l + A p {w)) 
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where p > 0 . First fix 

a > 2C(\\u 0 \\ H s O +i/ 2 + \\{x) 2N J So u 0 \\h-i)- 

Next choose 

T = min{(2ca(l + a p ))~ 2 , 1}. 

Then A(<5 Uo (u;)) < a so <h no maps X™ into Xj,. To see that <J> Uo is a contraction on X^ for 
sufficiently small T , notice that 

(<F„ 0 (>i) - ® uo (w 2 ))(t) = J Wi(t - t')[(Qi(wi) - Qi(w 2 )) 

+{Qi{vJi) ~ Qi(w 2 )) + (Ri(wi) - Ri(w 2 )) + {R 2 {w i) - R 2 {w 2 ))\(t')dt'. 

The estimates used in showing <f> Uo : X^ —> Xj, therefore give 

A(^oK) - $«o(w 2 )) < CT 1 / 2 A(uq - w 2 )a( 1 + a p ). 

Now choose T = min{l, 2Cci(l + a p ))~ 2 } . Then 

A(d , « 0 (wi) - ® U0 (w 2 )) < ^A(wi - w 2 ), 

so <h Uo is a contraction. By Banach’s contraction mapping principle there is a unique fixed point 
of <h UQ which solves the nonlinear equation. Now let u and v be solutions of with initial 
values uq and vo respectively. Then the estimates above give 

A(it - v) < C(\\uq - u 0 ||ifs + || (x) 2N J s ~ 3/2 (u 0 - u 0 )|| L 2 ) + CT 1/2 A(u - v ) 

if u and v are both in an open ball in Xj ,. Here C depends on the radius of the ball. Now choose 
T' > 0 so small that C'(T ') 1 / 2 < |. The proof of Theorem 1 ( 12 . II is complete since 

II • \\ HS + \\( x )^r-^ .|| L2 


is dominated by finitely many seminorms in 8 (see (EH)- 
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